Theorem 1.1 a(ll,lz,l3,l4,ls,I6,I7,I8,m“,m12,m
My, My, My, My, , My, My, , My,

. ’j =1 if and only of one of the following
statements holds:
1) (i, =0) and /3(

2) (i, #0) and (i, =0) and

Il’|2’|3’|4’|5’|6’I89m11’m]2’m]3’ j_l

14,m22,m23,m24,m33,m34,m44,0

i, 05, 2,00, 0,0, M, m, —i,m, +|,]

My, My, Myy —1,My,, My, My, , My,

(Hi € {0,1,...,min{mlz,ml3,m23}})ﬂ(

3) (i, #0) and (i, #0) and

o000, 0g, 0, 1g, My, My, —0,m, +I,}
My, My, My —1,M,,, My, My, , My, 1

(Hi € {0,1,...,min{mn,ml3, m23}})ﬂ(

I, L, m.,m,,m
270 R 13’j:I.Le‘[G be any graph
m,, My, My, My, , My, My, , My,

|l,|2, 3,|4,

Proof: First, suppose that a(

by, by, 00,0 0, m mo . m
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from the set A(

m14 B m22 5 m23 H m24 > m33 > m34 > m44

CASE 1: i, =0.

. ’] . Distinguish three cases:

b, b, 0,0, b, mo,mo,m
NotethatGeB[l’z’p“S’G’g’ o s ].Therefore,

m14 4 m22 > m23 > m24 > m33 ’ m34 2

ﬂ(ll’|2’|3’|4’|5’|6’I8’m11’m12’m13’ )_1

m,, My, My, My, , M, m34,m44,0

my,,r

44>

CASE 2: (i, #0) and (i, =0).
Let G' be a graph obtained by replacing each (2-methyl-propyl)-thorn by isopropyl thorn.
Denote by i the number of (2-methyl-propyl)-thorns in G . Obviously

i e {0,1,...,rnin{m12,m13,m23}};y(G'):(m“’mlz —=1,m; +|,m14am22’j and G' has exactly i

my, —1,My,, My, My, , My,
Lo, 0, 0,0, My, My, —1L,M, + 1,

isopropyl thorns. It follows that G' e B( .
My, My, My —1,M,,, My, My, , My, 1

j. Hence, indeed

iy, by, 2,0, 0,0, M ,my, —i,my, +1,
(E”E{0,1,...,1’ni1’1{m12,mB,mB}})ﬂ(1 20732502060 s> T T S ]
my, My, My —1,M,, , My, My, ,My,,1
CASE 3: (i, #0) and (i, #0).
Let G' be a graph obtained by replacing each (2-methyl-propyl)-thorn by isopropyl thorn.
Denote by i the number of (2-methyl-propyl)-thorns in G . Obviously

i e {0,1,...,min{m12,ml3,m23}};,u(G')z(m“’m” —=1,m; +|,m14am22’j and G' has at least i

my, —1,My,, My, My, , My,



iysis, g, ig, M, My, —i,m; +1,

1,|2,|3,

ml4,m22,m —i m24,m33,m34,m44,

(Hie{O,l,...,min{mu,mB,m }})ﬁ( L 352| g> My My, =1 > M3 +I]:1

m,, My, My, —i > My, My, My, My,

isopropyl thorns. It follows that G'e B( ] Hence, indeed

Now, let us prove the opposite implication. First suppose that 1) holds. Let

G c B(Il’|2’|3’|4’|5’|6’|8’m11’m12’m13’

m,,m,,m,,m,,m;,,m,,Mm
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} be an arbitrary graph. Note that
r

iy,ig, g, 00,0, m, ,m,,m

i
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Ge A( J Therefore,
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m,,, My, My, m24, m33, m,,,m,,

|7|27I37| ’|59I6’ m]19m129m13’
a =1.

My, My, Mys, My, , Myy, My, , My,

s 5';2,i,| |m’m |m +|
Now, suppose that 2) holds. Let G € B(l 2 5 i i3

m,,,my,, M,y —i m24,m33,m34,m44,

j be an arbitrary
graph. Note that in G there are exactly i isopropyl thorns. Let G' be a graph obtained by
replacing each of these thorns by a (2-methyl-propyl)-thorn. Note that G' doesn’t have any

isopropyl thorns, hence indeed
G e (|1,|2,|3,|4,| Jg,ip,ig, M, m, |+|mm+|—|,}:A[ll,|2,|3,|4,|5,|6,|7,|8,m11,m12,m13,)

m,,m,.m,—i+i,m,,m..m,,m m,,m,,m,,m,,m,,m,,Mm
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If 3) holds, the proof is completely analogous as in the previous case. m

Let function y : {0,1}2 x{0,1,2} x {0,1}2 xN,'" —{0,1} be given by

(Jza 1 4,|6,|8,m11,m12,m13,m

m,,m,,,m,,,m;,,M,,,M

225 13 s My s Tlgg s Mgy s Ty s

H ’j =1 if and only “There is a thorny cycle G such that
r

m,,,m,,m;,m,,m,,,
1(G) =( Ho R R e j with the following thorn allowed: methyl-thorn (if i, =1);

My, M,,, My, My,

ethyl-thorn (if j, =1); isopropyl-thorn (if i, > 1); (2-methyl-propyl)-thorn (if i, =1); (2-
methyl-propyl)-thorn (if i, =1); and (1,1-dimethyl-ethyl)-thorn (if i; =1) and there are at
least r isopropyl-thorns (if i, # 2 ) or there are exactly r isopropyl-thorns (if i, =2) . Denote

J2’|1’|4’|6’I8’mll’mIZ’m13’ml4’}

My, , My, My, My, My, My, 1

the set of all graphs by with these required properties by C (

Lemmal.2

(H(mzz c N))[]/(JZ’ 15145165 85m11=m12=m13=m14=j :1]:

m22 2 m23 > m24 ’ m33 2 m34 s m44 ’

m,, ", m23 > My, My, My, , My, 1

Js» i, m ,m_.m.,m
:>(v(m22 eN mzz > [ 6 8’ 112777122 777132 77714 =1

] m.,m._.m.,m
Proof: Let GeC| hoteoleo b Mo Mo, Mhs Mg . Note that no edge that connects two
My, My, My, , My, My, , My, 1

vertices of degree 2 can not be a part of any thorn. Therefore, it is a part of a cycle. Let G' be



a graph obtained by replacing an arbitrary of these edges by a path of length m,, '- (m22 — 1) .

14>
. j , hence
by 5 My, My, My, My, My, ¥

J2’|1’|4’|6’|8’m11’m12’m13’m

Note that G'e C(
m

m,'m.m, m.,m,,m,.r

Lol les g, My, My, m;,my,,
=1.00
22 5135 s M35 1l 5 1y,

|4’|5’|6’|8’m11’m12’m13’

my,, My, My, My, , My, My, , My,

Iy, : , ,
Theorem 1.3 ﬂ[ e j =1 if and only if one of the following
r

statements hold:

b b0, 0 b, mo,m,,m.,m.,,
1) (iS:O) and (iszo) and (7(;]1 4506282 1o 12 T3 14j:1J

b2 5 M3, Moy, Myy, My, , My, ¥

2) (i, =0) and (i =1) and (i; =0) and (m,, >m,,) and
&
3) (i, =1) and (i, =1) and (i; = 0) and one of the following holds:

13'1='4='63'8am119m129m13am14aJ _1}

1’|1’|4’I6’i8’mll’mlz’m13’m14’ —1
My, =My, My, My, My, My, My, 1

(m12 0
s My, My, My, My, My, 1
3.2y |y L i, 0,0, m,m,,my,m,, -1
My, , My, My, , My, My, , My, 1
4) (i, =0) and (i, =0) and (i =1) and (m,, >2-m,,) and
y L iy, 0,0, m,m,, my,m,, -1
my, —2-my,, My, M, My, m,,m,.r

5) (i, =1) and (i, =0) and (i5 =1) and one of the following holds:

3.1) >m,, ) and [7[

1’|1a|4a|6’|8am11am12am13’m14’j :1]

5.1) (2-my, > d (m,, =0(mod2)) and
)( m, m22) an (m22 (mO )) " (7(0,m23amz4am33sm34sm44°r

5.2) [}/(lsilaiwimissm11=m12=m13=m14’ jzlJ
my, —mMy,, My, My, My, My, , My, ¥
6) (i, =0) and (i, =1) and (i; =1) and (m,, >m,,) and one of the following holds:

1,i1,i4,i6,i8,mn,mlz,ml3,ml4, ~1
0, My, My, , My, My, ,My,, 1

6.2) (y(ljil’i“i“ig’m”’mlz’mmmw ]:1}
My, =My, My, My, My, My, My, ¥
7) (i, =1) and (i, =1) and (i; =1) and one of the following holds:

Li,i,i 0, m. . m_ . m.m
71) (2-m122m22)and 7 2712745562782 T 1o 122 1307 140 :1
0,m23,m24,m33,m34,m44,r

6.1) (2-m;, >m,, ) and [7[



72) |y SURRUS SULTRLUBRUUESLU PR T
My, My, My, , My, My, , My, 1

) o, 0 b, me,m,,m
Proof: First, let us suppose that S 12722326 8 T T S
my,, My, My, My, , My, My, , My, 1

G c B[II’|2’IS’|4’|5’|6’I8’m11’m12’m13’

m14 > m22 4 m23 > m24 > m33 > m34’ m44’ r

)zl and let

]. Distinguish seven cases:

CASE 1: (i, =0) and (i5; =0).

|2’|1’|4’|6’IS’mll’mIZ’mB’m

Note that G € C( 14’] , hence indeed

My, My, My, , My, My, , My, 1

My, My, My, , My, My, , My, T

[izailai4aiéaisamnamnamnamma] —1
CASE 2: (i, =0) and (i, =1) and (is = 0).
Note that edges of type e,, in G are part of prophyl-thorns. Therefore, indeed (m22 >m, )
Let G' be a graph obtained from graph G by replacing each of the propyl-thorns by ethyl-

1’|1’|47l6’IS’mll’mIZ’ml3’ml4’

thorns. Note that G'e C( ] . Hence,

my, —MmM;,, My, my,, My, my,,my,,r
(l’il’i4’i6’i8’mll’mIZ’ml3’ml4’ ]:1
My, —My,, My, My, , My, My, My, r .
CASE 3: Denote by t number of propyl-thorns in G . Note that m, >t. Let G' be a graph
obtained from graph G by replacing each of the propyl-thorns by ethyl-thorns. Note that
G'e C(l’ il’i4’i6’i8’m117m12’m13’m14’ ] Therefore, 7(15 ilai4ai6aisammmlzamnamms j -1
m,, -t My3, My Myy, My, My, ¥ m,, — t, M3, My Myy, My, My, ¥
Distinguish two subcases:
SUBCASE 3.1: m,, -t =0.
Note that m, >t =m,,, hence 3.1) holds.
SUBCASE 3.2: m,, =t >0.
Note that m,, > m,, —t, hence the claim follows from the Lemma 1.2
CASE 4: (i, =0) and (i, =1) and (is = 0).
Note that edges of type €, in G are part of buthyl-thorns. Therefore, indeed (m,, >2-m, ).
Let G' be a graph obtained from graph G by replacing each of the buthyl-thorns by ethyl-

la'1a|4a|ea|8am11am12=m13=m14=
. Hence,

thorns. Note that G'e C [
My, —2-My,, My, My, My, My, My, ¥

[laiwi4=isaisamnamlzamlsamma jzl
m22_2'm125m23am24am33’m34’m44’r .

CASE 5: Denote by t number of buthyl-thorns in G . Note that m,, >t. Let G' be a graph
obtained from graph G by replacing each of the propyl-thorns by ethyl-thorns. Note that



G,EC(lallalwls"8’m11am12am13am14a

). Therfore,
m22 _2 't9m239m249m337m34’m44’ r

l’il’i4’i6’i8’mll’m12’m13’m14’ —1
my, —2-t,m23,m24,m33,m34,m44,r

Distinguish two subcases:
SUBCASE 5.1: m,, -2-t=0.

m
Note that m, >t = % and that m,, is even, hence 5.1) holds.
SUBCASE 5.2: m,, =2-t>0.
Note that m,, >m,, —2-t, hence the claim follows from the Lemma 1.2
CASE 6: Denote by t, number of propyl-thorns in G and by t, number of buthyl thorn.
Note that m;, =t, +t, <m,,. Let G' be a graph obtained from graph G by replacing each of
lﬁi]’i4’i67i8’m]17m127m137m147

sl

the propyl-thorns by ethyl-thorns. Note that G'e C
m,, _tp _2tbam23am24=m33am34am

Li, i, 0,0, m ,m,,m;,,m
1°74°76°78 11 12 13 14
Therefore, y e A R S =1.
s T

my, _tp _2tbam23’mz4’m33’m34’m

Distinguish two subcases:

SUBCASE 6.1: m,, —t, —2t, =0.

Note that m,, =t +2t, < Z(tp + tb) =2m,, is even, hence 6.1) holds.

SUBCASE 6.2: m,, —t, —2t, >0.

Note that m,, >m,, —t, —2t,, hence the claim follows from the Lemma 1.2

CASE 7: Denote by t, number of propyl-thorns in G and by t, number of buthyl thorn. Let

G' be a graph obtained from graph G by replacing each of the propyl-thorns by ethyl-thorns.

1’|1’|4’I6’|8’m11’m12’m13’m14’

Note that G'e C[ J . Therefore,

TTI22 —tp _2tb’m23amz4’m337m347m44’r
l’ilai4ai6’i87m1]’m12’m13’ml4’ -1
m,, —tp =2t,m,,m,,m,,m;,,m,,r

Distinguish two subcases:
SUBCASE 7.1: m,, —t, -2t =0.

Note that m,, =t +2t, < Z(tp +1, ) <2m, is even, hence 7.1) holds.
SUBCASE 7.2: m,, —t, —=2t, > 0.

Note that m,, >m,, —t, —2t,, hence the claim follows from the Lemma 1.2

Now, let us prove the opposite implication.



|2’|1’|4’|6’IS’mll’mIZ’mB’m

First, suppose that 1) holds. Let G € C(
My, My, My, , My, My, , My, 1

1 ’] . Note that

00, i, 0,0 0, m. . m._.m
GEB(1’2’3’4’5,6’8, 22 }.Therefore,
M, My, My, My, My, My, My, 1
m

ﬂ(ll’IZ’|3’|4’|5’I6’|8’m11’m12’ 135 ]_1
has My T

m14’ m22’ m23’ m24’ m33’ m

1’|1’|47l6’IS’mll’mIZ’ml3’ml4’

Now, suppose that 2) holds. Let G € C( ] Note that all

My, —M,, My, My, , My, My, My, I
edges of type €, are part of ethyl-thorn. Let G' be a graph obtained from graph G by
replacing each ethyl-thorn by propyl-thorns. Note that

G'e B[']"Z’|3’I4’I5’|69l8’m1]9m12’m13’

My, My, My, My, , My, My, , My, 1

j . Therofore,

ﬂ(ll’IZ’|3’|4’|5’I6’|8’m11’m12’m13’ ]:1
my, My, My, M, , My, My, ,My,, r

Suppose that (i, =1) and (i, =1) and (i5 = 0) and that 3.1) holds. Let

G eC(1’|]’|4’|6’I89mll’m129m13’m14’

] . Note that G has exactly m,, ethyl-thorns. Pick
0, My, My, , My, My, , My, 1

arbitary m,, (S m, ) ethyl-thorns. Let G' be a graph obtained by replacing these thorn by

|1’|2’|3’|4’|5’I6’I8’m11’m12’m13’

propyl-thorns. Note that G' e B( ] . Therofore,

my,, My, My, My, My, My, My, 1
ﬂ[i]’i2’i3’i4’i5’i6’i8’m1]’ml2’m]3’ jzl

my,, My, My, My, My, My, , My, T .
Suppose that (i, =1) and (i, =1) and (is = 0) and that 3.2) holds. Let

e
My, My, My, , My, My, , My, 1

|1’|2’|3’|4’|5’|6’I8’mll’m12’m13’
r

. Note that G B
my,, My, My, My, My, My, , My,

=1.

i | | | | | | n..m.,m
1729732745759 %65 78 1112771122 1113
lherefore, ﬂ [ j
r

My, My, My, My, , My, My, , My,

1’|1’|47l6’IS’mll’mIZ’ml3’ml4’

Now, suppose that 4) holds. Let G € C( } Note that all

my, — 2. my,, My, My, My, My, , My, 1
edges of type €, are part of ethyl-thorn. Let G' be a graph obtained from graph G by

replacing each ethyl-thorn by buthyl-thorns. Note that

b0, 0,0, mo,m,.m
1272973°57°4°7°557°627°8° " 11> 711227113
G'e B( ].Therofore,

My, My, My, My, , My, My, , My, 1

ﬂ(llﬂlzi‘|3’|4’|5’I6’|8’m11’m12’m13’ jzl
my,, My, My, M, , My, My, ,My,, r



Suppose that (i, =1) and (i, =0) and (i; =1) and that 5.1) holds. Let

Liig,ig i, my,m,,m;,my,, .
GEC( Doy T e T ].Note that G has exactly m,, ethyl-thorns. Pick

0, My, My, My, My, My, 1

m
arbitary %(S mlz) ethyl-thorns. Let G' be a graph obtained by replacing these thorn by

b0, 00, b, mo,mo,m
12722735745 759 %6578 11127711227 7113
j. lherefore,

My, My, Myy, My, My, My, My, 1

buthyl-thorns. Note that G' e B(

ﬂ(ll’l2’|3’l4’|5’|6’|8’m11’m12’m13’ j:l
r

my,, My, My, My, , My, My, , My,

Suppose that (i, =1) and (i, =0) and (i; =1) and that 5.2) holds. Let

G EC(|2’Il’I4’|6’|89m119m12’m]3’m]4’J NOte that G c B(Il’|2’|39I4’I5’|69l8’m1]’m12’ml3’ ]

My, My, My, , My, My, , My, 1 My, My, My, My, , My, My, , My,

b0, i, 0,0 0, m .. m..m
Therefore, ﬂ(1’2’3’4’5’6’8’ 110 2o 3o jzl-
r

a5 My, Myy, My, , My, My, , My, ,

Suppose that (i, =0) and (i, =1) and (i; =1) and (m,, >m,,) and 6.1) holds. Since
m,, <m,, <2m,,, there are numbers t ,t, € N, such that t, +2t, =m,, and that t, +t, =m,,.

l’il’i4’i6’i8’mll’m12’m13’ml4’
Let GeC . Note that G has exactly m,, ethyl-thorns. Let G'
r

0, My, My, My, My, My,

be a graph obtained from G by replacing t; of this thorns by propyl-thorns and remaining t,

i7i ﬂi ﬂi Ji 7i ﬂi 7m ﬂm ﬂm b
thorns by buthyl-thorns. Note that G' e B[l 2R ier sy AL T T

ﬂ(ll’|2’|3’|4’|5’|6’I8’m1]’ml2’m]3’ ]:1
r

my,, My, My, My, , My, My, , My,

J . Therefore,

m,,m,,m,.,m,,m;,,m,,m

145 My, My, My, , My, My, My, 1

Suppose that (i, =0) and (i, =1) and (i; =1) and (m,, >m,,) and 6.2) holds. Let

c 1’il’i4’i6’i8’m11’ran’m13’ml4’ Let GEC 1’il’iél’i(:;’iigﬂmll’ml2’m13’m14’
m22 - m12 4 m23 4 m24 4 m33 > m34 > m44 > r m22 - m12 > m23 ’ m24’ m33 4 m34 > m44 > r
Note that all edges of type €, are part of ethyl-thorn. Let G' be a graph obtained from graph

G by replacing each ethyl-thorn by propyl-thorns. Note that

L0, 00,0, mo mo m
12729732745 555% 278> 1121712271713
G'e B( ].Therofore,

My, My, My, My, , My, My, , My, 1

ﬂ[ll’|2’|3’|4’|5’|6’|8’m11’m12’m13’ jzl
r

M, My, My, My, My, My, , M,y

Suppose that (i, =1) and (i, =1) and (i; =1) and 7.1) holds. Since m,, <2m,,, there are
numbers t,,t .t € N; such that t, +2t, =m,, and that t, +t +t, =m,,. Let

l’ili‘i4’i6’i8’m11>m12’m13’m14’
GeC . Note that G has exactly m,, ethyl-thorns. Let G' be a

0, My, My, My, My, My, 1

graph obtained from G by replacing t, of this thorns by propyl-thorns and t, thorns by



|1’|2’|3’|4’|5’|6’IS’mll’mIZ’mB’

My, My, Myy, My, My, My, My, 1

buthyl-thorns. Note that G' e B( j . Therefore,

ﬂ(ll’l2’|3’l4’|5’|6’|8’m11’m12’m13’ j:l
r

my,, My, My, My, , My, My, , My,

Suppose that (i, =1) and (i, =1) and (i; =1) and 7.2) holds. Let Let
Iys 0y, 0505, 00, 1g, My, My My, }
r

my,, My, My, M, , My, My, ,M,y,,

b0, 0 i, mo m_ . m.,m,,
GEC(Z ez s R l4].N0tethatGeB(

My, , My, My, My, My, My, , 1

a5 My, My, My, , My, My, , My, ,

00,00 i, m .. m..m
Therefore, ﬂ(li‘ 2973974975976 2 78> 112771122713 jzl
r

All the cases are exhausted and the theorem is proved. [

Let function & : {0,1}2 x{0,1,2} x{0,1} x N;"> — {0,1} be given by

5(hApJpJMm“Jmpmwﬁmw

j =1 if and only if “There is a thorny cycle G such that
my,, M,y , My, , My, My, , My, I,S

112777125 777135 777145777220

#(G)=

ethyl-thorn (if j, =1); isopropyl-thorn (if j, >1); and (1,1-dimethyl-ethyl)-thorn (if j, =1)

m.,m,,m.,m,,m _ . o
( ] with the following thorn allowed: methyl-thorn (if j, =1);
My, My, , My, My, , My,

there are at least r isopropyl-thorns (if i, # 2 ) or there are exactly r isopropyl-thorns (if
I, = 2); and there are at least s ethyl-thorns . Denote the set of all graphs by with these
Ji> oo Jso Jas My, My, My, M

required properties by D( TEMLPELLER 14,)
My, 5 My, Myy, My3, My, My, 1, S

>0y i, My my mymy : :
Theorem 1.4 y(Jz Pier R T j: lif and only if one of the following holds:

m22’m23’m24’m337 m34a m44a r,s

1) (i6=0) and o W Jootesbs s Mz MMhs M =1
m22=m23am24am33am34am44=rao

2)(i; =1) and ((j, =1) or (m,, =0)) and
B B LR
2 my,,M,; —1I, My, ,My;, my,,my,,r,l

J27|]’|4’|6’I8’mll’m12’m13’m14’

Proof: First, suppose that y( ] = 1. Distinguish two cases:

My, My, My, , My, My, ,My,,I,S

CASE 1: i, =0.
Joslislysig,dg, My, m,,m,,my,,

LetGeC( 2270260 1 12 13 14 =1.Notethat
my,, My, , My, , My, My, , My, Ir,S

GeD[il,jzai4a|8am11>m12>m13am14a j.Therefore, 5£i1ajzai4ai8am115m12>m13am14a le.

My, , My, My, , My, My, , My, r,0 My, , My, My, , My, My, My, r,0



CASE2: i, =1.
. ) _ m,; —2r
Note that m, =0 or J, =1. Also note that in G there are at most min —5 ,m,; » (2-

methyl-propyl)-thorns. Denote their number by i. Let G' be a graph obtained from graph G
by replacing each of these thorns by an ethyl thorn. Note that
i, Li,, b, m. m,+im.—2-im,,
G'e D(l A " i ], hence 2) holds.
My, , My, — 1, My, , My, My, , My, 1,1
Now, let us prove the opposite implication. Suppose that 1) holds.

Iy yslysdg, M, My, MM jz,il,i4,i6,ig,m”,mlz,mw,mM,J

7oA TR Note that G € C
m,,,m,,,m,,,m;,,m,,,m,,,r,0 My, , My, My, Myy, My, , My, 1, S

225 111035 g 5 T35 1345 1y

jzailai4=ieai89mnam129m13am14= ~1
m22’m23’m24’m33’m34am44’r>3

LetG e D(
Therefore, 7/[

. . m, —2r
Now, suppose that 2) holds. Let 1 € {0,...,1’1’1111 {LBTJ ,m,, }} such that

o il,l,i4,i8,m.n,m12+i,m13—2-i,ml4, =1 and let
My, My — 1, My, My, My, , My, , 11

G e D[il,l,ié‘,ig,mll,m12 +i,m, —2-i,m,,
my,, My, —1, My, , My, My, ,my,, 1,1

J . Note that all edges of type e,, are part of ethyl-

thorns in G . Threrefore there are m,, +1 ethyl-thorns in G . Let G' be a graph obtained from
graph G by replacing i of these thorns by (2-methyl-propyl)-thorns. Note that

J2’|1’|4’|6’IS’mll’ml2’ml3’ml4’ 12"1’|4’|6’|8’mll’ml2’ml3’ml4’
C , hence y =1.

My, My, My, , My, My, , My, I,S ho s Myz s, My, My, My, , M, 1,

All the cases are exhausted and the theorem is proved. [

Let C be any cycle and let f be any function f :V (C)—{2,3,4}. Denote

O(C, T) =Xy, X3, Xy, X3, Xy, X, ), Where
X; :Card{UVe E(C): f(u)=iandf(v)= j}, foreach2<i< j<4.

Let us give an auxiliary result.
Lemma 1.5 Let (X,,, Xy, Xp45 X33 X34, Xy ) € Ng . There is a cycle C and function f such that

0(C, T)=(Xy, X3, Xoy, X33, X34, Xy ) if and only if the following holds:
1) X,; +X,;,,X,, +X,, are even numbers;

2) Xy +Xpy + Xy + Xy + Xy, + Xy 235

3) (X3 + Xy >0) 0r (x5, =0) 0F (Xp5 = Xpy = Xy3 = Xyy =X, =0) ;

4) (X3 =Xy3 =Xy =0) 01 (Xyy =Xy; =X, =0) or (X, +min{X,;, X, } 22).

Proof: First, let us prove necessity. Distinguish seven cases:
CASE I: X,; =X,, = X3 = X3y =X, =0.



It is sufficent to take any cycle C with X,, vertices and the constant function that assigns
number 2 to each vertex.
CASE 2: X,, = X,; = X33 = X3, =0.
It is sufficent to take cycle C wtih vertices (in order of their apperiance) v,,v,,...,V, ,, —and
function f :V(C)— {2,3,4} such that
()= {2, i <x,, and i'is even

4, otherwise
CASE 3: X,; = X;; =X, =0 and x,, >0 and X,, +X,, >0.
Note that in graph C (note that here C is not simple if X,, +X,, <3) constructed in the
previous case, there is at least one edge incident to vertices wandz such that

f(w)=2andf (z)=4. Replace this edge by a path wu,u,...u, z and extend the definiton of
the function f by f (u;)=2 for eachi=1,...,X,,. Graph and function obtained in this way have

the required properties.
CASE 4: X, =X,, = X3, =X, =0.
It is sufficent to take cycle C wtih vertices (in order of their apperiance) v,,V,,...,V, ,, and

function f :V(C)— {2,3,4} such that

f(v,)= {2, i <X,, and i‘is even

3, otherwise

CASE 5: X,, = X3, =X, =0 and x,, >0 and X,; +X;; > 0.
Note that in graph C defined in the previous case, there is at least one edge incident to vertices
wandz such that f(w)=2andf(z)=3. Replace this edge by a path wuu,..u, z and
extend the definiton of the function f by f(u;)=2 foreachi=1,...,X,,. Graph and function
obtained in this way have the required properties.
CASE 6: Xy, +min {X,;,X,,} >2 and x,, =0.
Distinguish three subcases:
SUBCASE 6.1: X, <2 .
Let cycle C, be the cycle wtih vertices (in order of their apperiance)

u,u,,...,u ViV, and define the function f:V(C)—{2,3,4} by

(X23 _(2_X34))+X33+1 ’ Xoq=(2-%54 ))+X44+1
2, (V =Uu,iisevenand i < X,, —(2— X34)) or (V =V, i isevenand i < X,, —(2—X34))

f(V): 3, v=u, and (i isoddori>x23—(2_x34))
4

, v=V, and (i is odd or i > X,, —(2-X;,))

Note that cycle C has exactly two edges € ande, such that function f ssigns to their
endvertices values 3 and 4. Replace exactly 2-X,, of these edges by a paths of length 2.
Denote graph obtained in this way by C and extend the definition of the function f by putting
f (v) =2 for all new vertices. Graph C and function f have required properties.
SUBCASE 6.2: x,, >2 even.
It is sufficent to take cycle C wtih vertices (in order of their apperiance)
u,u,,...,u V,V,,..V Z,2,..,2

X3t Xay 12 T Xog HXgg H12 T2 T2



and function f :V (C)— {2,3,4} such that

f(v)=

(
2, (v=u,i<x, andiiseven) or (Vv=V,i<Xx, andiis even)
3, (v=u, and (i > X, oriis odd)) or (v =z,iis odd)

4, (v=v, and (i > x,, oriisodd)) or (v=1z,i is even)
SUBCASE 6.3: X;, >2 odd.

It is sufficent to take cycle C wtih vertices (in order of their apperiance)

u,U,,...,u W,V,,V,,..V 2,,2,..., 2

T T X3 g3 2 T Xyt Xy ? 1t Txge -l

and function f :V (C) - {2,3,4} such that
2, (v=u,i<x,;—landiiseven) or (Vv=v,i<X, —1landiiseven) or (v=w)
f(v)=13, (v=u; and (i > X, —Loriisodd)) or (v=2z,iis odd)
4 (v=v, and (i > x,, —loriisodd)) or (v=z,iis even)
CASE 7: Xy, +min{X,;,X,,} >2 and x,, =0.

This case can be solved by the complete analogy with cases 3 and 6.
All the cases are exhausted and necessity is proved.

Now, let us prove sufficency. Let the cycle C and function f have the required
Xy3 +2X53 + Xqy

2

properties. Denote N, = {V: f(v)= i} for each i =2,3,4. Note that |N,|=

b

Xoy + X5y +2X,,

hence indeed X,, +X,, is an even number. Analogously |N 4| = implies that

X,, + X5, 1s an even number. Since C 1is cycle it must have at least three vertices, so 2) holds.
Suppose that 3) doesn't hold. Then N, and N;UN, are nonempty set and
e(N,,N; UN,) =, which is a contradiciton, therefore 3) holds. Now, suppose that 4)
doesn't hold. Note that N, and N, are nonempty sets. Distinguish two cases:

CASE1: m, +m, <2.

We have e(N,,N, UN,) <2, which is a contradiction.

CASE2: m, +m,, <2.

We have e(N,,N, UN,) <2, which is a contradiction.

All the cases are exhausted and the lemma is proved. [

Let us define the function ¢:Z° — {0,1} by @(Xy, Xy, Xy, X35 Xsss Xy ) =1 if and only if

X335 X535 Xp45 X335 X34 » X,y = 0 and they satisfy the conditions 1) — 4) of the last Lemma.

Let us prove:

3> oo Jo Jas My My, My, My, . ,
Lemmal.6 5(1 22 A T 1 if and only if:
My, , My, My, ,Myy, My, , My, 1,S
)m,=0
2)n,n, eN

3) n, =2n, +n,



4)m,=s

5) There are numbers m,,m,,d,,d,,t,,t,,q,,q, such that:
51)d,+d, =m,

52) my +2t, +2t, =m,,

5.3) m, +3q, +3q, =m,,

54) m +d, +2t, +t, +q, =n,

55)t,+t, >r

56)t,+t,=r or j, <2

57)my=m, =0 or j >0

58)d,=d,=0or j,>0

59)t,=t,=0or j,>0

5.10) g, =q,=0or j, >0

5.11) Xp25 Koz Xogs Xa35 X345 Xy >0

5.12) X, +X
5.13) Xy, + Xp3 + Xy + X3 + X5y + X,y =35

245 Xy + X, are even numbers;
5.14) (X5 + Xy > 0) 01 (x5, =0) 0r (Xp3 = Xyy = Xy3 =Xy, =X, =0) ;
5.15) (X3 = X3 =Xy =0) 0r (Xy =X;y =Xy, =0) or (X;, +min{X,, %, } >2),
where
Xpy = Myy5 Xyy = My =05 Xy =My, — 05 Xy = Mgy =155 Xy =My, — 0y — 1,5 X, =My, — 03
my; + My, +2m,; +m,, and n, = m, +m,, +m,, +2m,, '

3 4

22 229

n =m,+m;+m,;n,=

jl’j2’j3’j4’m]1’m12’m13’m14’ ]zl Let

my,, My, My, , My, My, ,My,, IS

Proof: First, suppose that & (

Jis Jas o Jasmy,my,m;,m,,

my,, My, My, , My, My, ,My,,I,S

Ge D( J . Obviously, 1), 2) and 4) hold and 3) holds because

G is monocyclical graph . Denote by m;, j = 3,4, the number of methyl-thorns adjacent to
vertex of degree J; by d;, j = 3,4, the number of ethyl-thorns adjacent to vertex of degree j;
by t;, j =3,4, the number of isopropyl-thorns adjacent to vertex of degree j; and by

d;, j = 3,4, the number of (1,1-dimethyl-ethyl)-thorns adjacent to vertex of degree j. It can
be easily checked that relations 5.1) — 5.10) are satisfied. Note that X; is in fact number of
edges in C (G) that connect vertices of degrees (in G ) i and j. Therefore, 5.11) holds and

relations 5.12) — 5.15) are implied by the last Lemma.
Now, let us prove the opposite inequality. Suppose that relations 1)-4) hold. From the
relations 5.12) — 5.15), it follows that there is a cycle C and function f such that

0(C, f)=(Xy,Xp3, Xy, X33, X34, X,y ) . Denote, as in the previos lemma,
N, = {V: f(v)= i} for each i = 2,3, 4. Note that



X3 +2X33 + Xy my, — d3 + 2m33 _2t3 +m;, —0, _t4

= Rt P 2 -
_3n3_m13_d3_Q3_2t3_t4:
2
3(m, +d, +2t, +t, +0,)—(m, +2t, +2t,)—d, —g, —2t, —t,
- 2
=m,+d, +0, +t,
and that
|N4|:m24_d4+m34_t4_q3+2m44_2q4
2
_4n4_m14_d4_t4_q3_2q4
2
4-nl_n3—m]4—d4—t4—q3—2q4
- 2
_2(m12+m13+ml4)—2(m3+d3+2t3+t4+q3)—ml4—d4—t4—q3—2q4
= 5 =
2(d, +d,)+2(m, +2t, +2t,)+(m, + 30, + 39, ) —2m, —2d, —d, — 4t, - 3t, -39, — 20,

2
_m,+d, +q, +t,
- 2
Note that X,, + X;, 1s nonnegative even number, hence |N 4| is non-negative integer. Add to

each vertex in N, exactly one thorn in such way that there among added thorns there are m,
methyl-thorns, d, ethyl-thorns, t, isopropyl-thorns and g, (1,1-dimethyl-ethyl)-thorns and
add to each vertex in N, exactly two thorns in such way that there among added thorns there
are m, methyl-thorns, d, ethyl-thorns, t, isopropyl-thorns and ¢, (1,1-dimethyl-ethyl)-
thorns. Denote graph obtained in this way by G . Simple calculation shows that

G c D(j]’ j29 j3’ j4’mll’m]2’m]3’m]4’ jl’ j29 j3’ j4’mll’m12’m13’ml4’ J — 1,

m22’m23’m24’m33’m34’m44’ r’S m22’m23’m24’m33’m34’m44’ r’s

] =1. Therefore, & (
Which proves the claim. [l

Let us observe the relations 5.1) - 5.4). They can be observed as the system of four equations
with unknowns m,,m,,d,,d,,t,,t,,q, and q,. Solving this system, we get a four-parameter
solution



m, =m; —2X-2y
m, =m,, —3n, +3m,; -3y +3u -3z

d,=u

:“:‘Xm” ) *
4 =Y

G; =N, —mMy;+y-u

q,=12¢

Now, we can reformulate (by a straight forward calculation) the last theorem:

Lemma 1.7 5(1“ boo oo deo Moo Mz Mo M J:I if and only if:
mzzamzs’m24’m33’m34am44ar’s

I)m,=0

2) n,n, eN

3) n, =2n, +n,

4)m, =s

5) m,, —m, +m,, —n; +m,; is an even number
5) There are integers X, Y, Z,uU such that:

5.1) X+y=>r

52) x>0

53) y=0

54) 220

55u=0

5.6) m; —2x-2y >0

57 n,—m;+y-u=0

5.8) m, =3n, +3m,; -3y+3u-322>0
59)m,-u=0

5.10) x+y=ror j<2

511) m, =2x-2y=0or j, >0

5.12) m, =3n, +3m, -3y+3u-3z=0or j >0
513) u=0or j, >0

514) m,-u=0or j,>0

5.15) x=0or j,>0

5.16) y=0or j, >0

507y n,—m,;+y—-u=0or j, >0
518)z=0or j, >0

519 ) m, +my, +my, +my +m, —m, —n, +m; -3+U—-X-2y-22>0



5.20) (m,, =0) or (m,, +m,, —m,, =0) or

1
(X:m33; yzg(my‘—n3+m13+u);z=m44;u=m23;m24—m12 :mz3j
1
521) [u=my; X=my; y=5(m34—n3+m13+u) or

1
(y:E(m34—n3+ml3+u); u=m,-m,; z:m44j or

((my +my, —ny +m; —2-2y>0) and (m,, —m,, +m,, —n, +m; —2+2u—2y >0))
522) my, -u=0

523) my, -m,+u=0

524) my,; —x=0

525) my, —n;+m; -2y+u=0

526) m, -z2=0

where

_m+my+ 2m,; +m;,

m,+m,, +m,, +2m
_ . 14 24 34 44
n =m,+m;+m,; Ny = 3 .0

4

and n, =

It can be easily checked that

Lemma 1.8. Let x,y,z,ueZ be the numbers that satisfy relation 5.1) — 5.26) and let
max {0,r —y} <x'< x. Then numbers Xx',y,z,u also satisfy relations 5.1) — 5.26) except
possibly relations 5.10), 5.11) and 5.15). [

Lemma 1.9. Let X,y,Z,u € Z be the numbers that satisfy relation 5.1) — 5.26) and let Then
numbers X, Y,0,u also satisfy relations 5.1) — 5.26) except possibly relations 5.10) and 5.15).
0

Using Lemmas 1.8 and 1.9 the relation 5.21 from the Lemma 1.7 can be reformulated as
, 1
5.21) (u =My X=My; y=5(m34 —n;+mg, +u); Z= 0] or
1 1
X = r—E(m34 —ny+m; +U); yzz(m34 —n,+m,+U); u=m,-m,; z=m,, | or

1
x=0, y:E(m34—n3+ml3+u); u=m,—m,; z=m44j or

m,, 1
X:7—y; y:E(m34—n3+ml3+u); u=m,-—my,; z=m,

((my +my, —ny +m; —2-2y>0) and (m,, —m,, +m,, —n, +m; —2+2u—2y >0))




Let function ¢ : {0,1}2 x{0,1,2} x{0,1} x N,'* — {0,1} be given by

g{JZ’ 12’ J3’ J4’mll’m12’ml3’ml4’m22’

m23,m24,m33,m34,m44, r,s,X, y: z,u

J =1 if and only if “There is a thorny cycle G such that

_ mll’mIZ’ml3’ml4’m22’ . - . . s .

,u(G) = with the following thorn allowed: methyl-thorn (if j, =1);
My, My, , My, My, , My,

ethyl-thorn (if j, =1); isopropyl-thorn (if j, >1); and (1,1-dimethyl-ethyl)-thorn (if j, =1)
there are at least r isopropyl-thorns (if i, # 2 ) or there are exactly r isopropyl-thorns (if
I, =2); there are at least s ethyl-thorns; there are u ethyl-thorns adjacent to vertices of
degree 3; X isopropyl-thorns adjacent with vertices of degree 3; y isopropyl-thorns adjacent
to vertices of degree 4; z (1,1-dimethyl-ethyl)-thorns adjacent with vertices of degree 4; and
there are n, vertices of degree 3. Denote the set of all graphs by with these required

Jos Jos Jys Jas My My, M, My, ]

properties by E (
My, , My, My, , My, My, , My, , Ny, 1,8, X, Y, ULV

Now, we can rewrite Lemma 1.7 as

12’ 127 J35 J47m11’m127m137m147

Lemmal1l.10 6
mzz: m23: m24: m333m34v m44= r,s

}zl ifandonlyif m, >s; m, =0;

n,,n, € N; n, =2n, +n; and one of the following claims hold:

j2’j2’j3’j47m11’m12’m13’m14’m22’
1) my, —n, +m; +m,, =0(mod2) and &| m,;,m,,,m,;,m,,,m,,.r,s, =1
m33’(m34 _n3 +m13 +m23)/2’m44’m23

2) j, =1 and one of the following claims hold

j2’ jZ’ j3’ j4’m11’m12’m13’m14’m22’
2.1) my, —ny +m; +m, =0(mod2) and & m,;,m,,,m,;,m;,,m,,. 1,5, =1
m33’(m34 — Ny + My, +m23)/2’0= M,
2.2) my, —ny +m; +m, —m,, =0(mod2) and one of the following claims hold
j2’ j29 j3’ j4’m11’m12’m13’m14’m22’
22.1)¢| my,,m,,m ,m,,m,,r,s, =1
Oa(m34 — Ny +M; + My, _mz4)/2>m44>m12 — My,
j29 j2’ j3’ j4’m]1’m12’m13’m14’m22’
2.2.2) gl my;,my,, My, my,,m,,,r,S,r—(my, —n, +m;+m, -m,)/2,|=1
(m34 —ny+m;+m, _m24)/2’m44am12 —-m,,

3) J, =0 and one of the following claims hold



3.1) my, —n;+m; +m, =0(mod2) and m, =0(mod3) and

j2’j2’j3’j4’m11’m12’m13’m14’m22’
3 m23,m24,m33,m34,m44,r,s,m33,(m34 —Ny+m; + m23)/2= =1
My /3=ny+m; —(My, —ny+m, +my )/ 2+m,;,my,
3.2) my, —n;+m, +m, —m,, +m,, =0(mod2) and m, = 0(mod2) and

25 325 35 Jas My My, My, My, My,

& Myz, My, My, My, My, 1,8, My /2_(m34 —Ny+ My +m, —my, + m23)/2= =1
(m34 — Ny A My +My, —My, + m23)/2= My, My — My,

4) The following holds:

4.1) m,, —m,, +m;, —n, +m,, is an even number

4.2) (my, =0) or (m, +m,, —m, =0)

4.3) There are integers X, Y, Z,U such that:

43.1) x+y=>r

432) x>0
43.3) y>0

434) 220

435)u=0

43.6) m, —2x-2y>0
437)n,—-m;+y-u=0

43.8) m, -3n,+3m,; -3y+3u-32>0
439)m,-u=0

43.10)x+y=ror j,<2

43.11) m; -2x-2y=0or j >0

43.12) m, -3n, +3m,; =3y +3u-3z=0or j >0
43.13)u=0o0r j,>0

43.14) m,-u=0or j, >0

43.15) x=0or j, >0

43.16) y=0or j,>0

4317y n,—m;+y-u=0or j >0

43.18) z=0or j,>0

43.19) m, +m,+m, +m,; +m, —m, —n, +m, -3+U—-X-2y-22>0
43.20) m,, +m, —n, +m; -2-2y>0
4321)m, -m,+m,, —n, +m,; -2+2u-2y >0
4322y m,, —u=0

43.23) m, -m,+u=0

43.24) m;, —x=0

4325 m, —n,+m;-2y+u=>0

43.26) m, -z>0

where



_my+my+ 2m,; +m;,

m,+m,, +m,, +2m
n=m,+m,+m,;n, = 14 24 34
3

and n, = 1 0

14>

Let function ¢ : {0,1}2 x{0,1,2} x{0,1} x N,'* — {0,1} be given by

Jis Jos B35 Jg> My, My, My, My, . . . .
4(11 Yoo 3> Lo > ha» Mhs > Mhe le if and only if they satisfy the condition 4) of the last
m22’m23’m24’m33’m34’m44ar>5

Lemma. Now, we can reformulate the last Lemma as:

j29 j29 j3’ j4’mll’m]2’m]3’ml4’

my,, My, My, , My, My, ,My,, IS

,2S; m,=0;

Theorem 1.11 5[ j:l if and only if m

n,,n, € N and one of the following claims hold:

j2’j2’j37j4>m115m125m135m14,m22,
1) my, —n, + m; +m,; =0(mod2) and &| m,;,m,,,m;;,m,,,m,,,I,s, -1
m33=(m34 —N;+mg; +m23)/2’m44,m23

2) j, =1 and one of the following claims hold
j2’ jZ’ j3’ j4’m117m127m137m14’m227
2.1) my, —n, +m;, +m,; =0(mod2) and &| m,,,m,,,m,;,m,,,m,,,r,s, =1
My, (My, =Ny +m, +m,,)/2,0,m,,
2.2) my, —ny +m; +m, —m,, =0(mod2) and one of the following claims hold
j2’ j2’ j3’ j4’m1]’m12’ml3’ml4’m22’
22.1)el my,,m,,m;,,m,,m,,I,S, =1
09(m34 - n3 + m13 +m, _m24)/29m449m12 —my
jZ’ j2’ j3’ j4’m11’m12’m13’m14’m22’
22.2) gl my,my,,my,my,,m,,,r,s,r—(my, —n, +my+m,-m,)/2,|=1
(m34 —Ny+m, +m, — m24)/23m44=m12 — My,
3) j, =0 and one of the following claims hold
3.1) my, —n, +m, +m,, =0(mod2) and m,, = 0(mod3) and
j2’ j2’ j3’ j4’mll’m12’ml3’ml4’m22’
3 m23,m24,m33,m34,m44,r,s,m33,(m34 —Ny+m; + m23)/2= =1
My /3=, +m; —(My, —n,+m; + My, )/2+m,,m,
3.2) my, —n,+m, +m, —m,, +m,, =0(mod2) and m, = 0(mod2) and
Jao Jos J5s Jao My My, My, My, M

115777125 777135 777145777220

& Myz, My, My, My, My, 1,5, My, /2_(m34 —Ny+ M +M, —My, +m23)/2’ =1

(M, —n, +m, +m, —m,, +m,)/2,m,,m, —m,,



4 ¢ B oo s Jas My My My
my,,M,;, My, , My, My, ,My,, 1,S

Straight forward analysis shows that
j2’ jZ’ j3’ j4’m11’m12’m13’m14’m22’

Theorem 1.12 g[
m23,m24,m33,m34,m44,r,s,x, y,Z,u

J =1 if and only if the following holds:

m, =>s

2)m, =0

3)n,n, eN

4)n =2n,+n,

5) my,m,.d;,d,.t;,t,.6;,9, 0

6)t,+t,=r or j, <2

7Y)m,=m, =0 or j >0

8 d,=d,=0or j,>0

Nt,=t,=00r j,>0

10) g, =q,=0or j, >0

11)d, +d, >s

12) ¢(m22,m23 _d3am24 _d4am33 _t3am34 _t4 —0;,My, _q4):1
where n,,n, and n, are defined as in the last theorem; and m,,m,,d,,d,,t,,t,,q, and q, are
defined as in (#).[]

We have

jl’ j29 j3’ j4’m1]’m12’ml3’ml4’ jzl ifand Only lf

Theorem 1.13 &
my,,M,;, My, , My, My, , My, I,S

1) m, —m,, + m;, —n, + m,, is an even number
2) (m,, =0) or (m,; +m,, —m,, > 0)
3) There are integers X, Y,U such that:
3.1) x+y=>r

32) x>0

33) y>0

34)u=0

3.5) my; —=2x-2y >0
36)a+y-u=0

3.7y m, —u=0

3.8 m, —u=0

39) f+u>0

3.10) m; —x=0

3.11) g-2y+u=0

3.12) d -2y >0



3.13) e+2u-2y >0

3.14)x+y=ror j<2

3.15) m, -2x-2y=0or j >0

3.16) u=0or j, >0

317) m,-u=0or j, >0

3.18) x=0or j,>0

319) y=0or j,>0

3200 a+y-u=0or j, >0

3.21) There is an integer Z such that

321.1) z>20

321.2) b-3y+3u-3z>0

3213) m,-z2>0

3214)c+u—x-2y—-22>0

321.5) b-3y+3u-3z=0o0r j >0

321.6) z=0or j, >0

where
a=n,—mg;
b=m,-3n,+m,
C=m22+m23+m24+m33+m34+m44_m12
d=m,+m,-n+m,; -2
e=m,-m,+m,—n+m, -2
f=m,-m,
g=my, —N;+m;

and n;,n, and n, are defined as in the last theorem. [

Note that condition 3.21) can be rewritten as
3.21°) There is an integer z such that
321°.1) z>0

321’2) z< E— y+uJ

321’3) z<m,,
32I’4) z<c+u—-x-2y

3.21°.5) z:g—y+UOr J, >0
321’.6) z=0or j, >0

Another reformulation of this conditions is the following:

b
1) 0<—-=y+u
)0<2-y
2) 0<c+u—-x-2y

—N, +m;,

-3



3)%—y+u£m44 or j,>0

4) g—y+usc+u—x—2y or j,>0
5) (b:O(mod3))or j >0

6)§—y+u=0 or j>0o0r j>0

This allows us to rewrite Theorem 1.13 as

J]’ JZJ J3’ J4,m117m127m137m147

Theorem 1.14 g”(
mzz,m23,m24,m33,m34,m44,r,s

J =1 if and only if

1) m, —m, +m,, —n, + m,, is an even number
2) (m,, =0) or (m, +m,, —m,, >0)
3) (b=0(mod3))or j, >0

4) There are integers Y,U such that:
41)y=0

42)u=>0

43)a+y-u=0

44) m,-u=0

45)m, -u=0

46) f+u>0

47) g-2y+u=0

48)d-2y>0

49)e+2u-2y>0

410)u=0o0r j,>0

411) m,-u=0o0r j,>0

412) y=0or j,>0
413)a+y-u=0or j, >0
4.14)u—y=>-h

415)u—-y<ior j>0

416) h—y+u=0or j>0o0r j,>0
4.17) There is an integer X such that
4.17.1) x+y=r

4.17.2) x>0

4.17.3) m; =2x-2y >0

4.17.4) m; = x>0
417.5)u—-x-2y>—C
4.17.6)X+y=ror j,<2

4.17.7) m, =2x-2y=0or j >0
4.17.8) x=0or j,>0



4.179) x+y<jor j >0

where
h=|b/3]
i=m, —h
j=c—h

and n,n,,n,,a,b,c,d,e, f and g are defined as before.!|

Note that condition 4.17) of the last theorem can be reformulated as
4.17’) There is an integer X such that
417°.1) Xx=2r—-y

4.17°.2) x>0

4.17°.3) x<k-y

4.17°.4) x<m,,

4.17°.5) x<u-2y+c
4.17°.6)X=r—-y or j, <2
4.17°.7) x=k—-y or j, >0
4.17°.8) x=0or j;,>0

417°9) x<j-yor j, >0
4.17°.10) m;; =0(mod2) or j, >0
where k=|m,, /2|

This can be further reformulated as
1) r<k

2) y>I

3) y-u<m

4) y<k

S5)u-2y>-c

6) Y<ror j, #2

7) yzoor j>0

&) y-uspor j>0

9 y=ror j,>0
10)k<jorj>0

I11)y=kor j>0or j,>0

12y k=ror j,>0or j, #2

13) m;; =0(mod2) or j >0

where | =r-m;,;; m=c-r; o=k-m;; and p=c—KkK.

Now, theorem 1.14 can be reformulated as:
Jis Jas b3 by My, My, My, My,

Theorem 1.15 &
my, ,M,;, My, , My, My, , My, I,S

j =1 if and only if

1) m, —m,, + m;, —n, + m,, is an even number



2) (my, =0) or (m, +m,, —m,, >0)
3) (b = 0(m0d3))0r j >0

4) m; =0(mod2) or j, >0

5) k<jor j >0

6) r<k

7Yk=ror j>0or j#2

8) There is an integer Yy such that:
8.1) y>0

82)d-2y>0

83) y=0or j,>0

84) y=>I

8.5) y<k

8.6) y<ror j, #2

87)yzoor j >0

88) y=ror j,>0

89) y=kor jy>0o0r j,>0

8.10) There is an integer U such that

8.10.1) u=>0
8.10.2) a+y—-u=>0

8.103) m,-u=0

8.104) m,, —u=>0

8.10.5) f +u>0

8.10.6) g—2y+u>0

8.10.7) e+2u—-2y >0

8.108) u=0or j, >0

8.109) m, —u=0or j,>0

8.10.11) a+y—-u=0or j, >0

8.10.12) u—y>-h

8.10.13) u—y<ior j>0

8.10.14) h—y+u=0or j, >0 or j, >0
8.10.15) y—u<m

8.10.16) u—-2y > —c

8.10.17) y—u<por j >0
wheren,,n,,n,,a,b,c,d,e, f,g,h,i, j,k,I,m,0and p are defined as before.

Further, this can be reformulated as

jl’ j29 j3’ j4’m1]’m12’m13’ml4’

My, My, My, , My, My, ,My,,T1,S

Theorem 1.16 g( j:l if and only if

1) m, —m,, + m;, —n, +m,, is an even number



2) (my, =0) or (m, +m,, —m,, >0)
3) (b = 0(m0d3))0r j >0

4) m; =0(mod2) or j, >0

5) k<jor j >0

6) r<k

7)m,=0or j,>0

8 a=-hor j>0o0r j>0
90=ror j>0

10k=0or j>0o0r j>0
I)k=ror j>0o0r j,#2

12) There is an integer Yy such that:
12.1) y > fd

12.2) y< fc

123) y>ooor j >0

124) y=0or j, >0

12.5) y<r or j,#2

12.6) There is an integer U such that
12.6.1) u > fa

12.6.2) u<a+y

12.6.3) u < fee

12.6.4) u> fb+2y

126.5)u> ff +y

12.6.6) u<i+yor j >0

126.7) u=2-p+y or j >0
126.8)u=0or j, >0

1269) u=a+yor j >0

where

fa= max{—f,O}
fb = max{—c,—g}
fc =min{[d/2 k|
fd = max{O,I}
fee = min{m,,,m,, }
ff = max {[—e/27],~h,—m|
and wheren,,n,,n,,a,b,c,d,e, f,g,h,i, j,k,I,m,0and p are defined as before.

The condition 12.6) of the last theorem can be reformulated as:

1) fa< fe
2) y>fa-a
3) y< fe— ff



4) ff <a

fe— fb
> yg[ 2 J

6) y<a-ftb

7)y=fg or j >0

8) ff <ior j >0

9) y<fhor j>0

10) 0< fe or j, >0
I11)y>-aor j,>0

12) 0> fa or j, >0

13) y<fior j,>0

14) y<fjorj >0
15)a<ior j,>0or j, >0
16) y>—i or j, >0 or j, >0

17) y=-aor j,>0o0r j, >0

where
fg = fa—i
fh=i-fb
fi = min {-ff,[ - fb/2 |}
fij=fe—a

This gives us another reformulation of the last theorem:

Jis Jas o Jaomy,my,m;,my,,

Theorem 1.16 g(
m22’m23’m24’m33’m34am44ar’s

j =1 if and only if

1) m, —m,, + m;, —n, +m,, is an even number
2) (m,, =0) or (m,; +m,, —m,, > 0)
3) (b=0(mod3))or j, >0

4) m; =0(mod2) or j, >0

5) k<jor j >0

6) r<k

7)m,=0or j,>0

8 a=-hor j>0o0r j >0
90=ror j>0

100k=0or j>0o0r j>0
I)Yk=ror j>0o0r j,#2

12) fa< fee

13) ff <a

14) ff <ior j >0

15) 0< fee or j, >0



16) 0= fa or j, >0

17y a<ior j,>0or j, >0

18) There is an integer Yy such that
18.1) y > fk

18.2) y< fl

183) y=0or j,>0

18.4) y<r or j, #2

185) y<fhor j>0

18.6) y>fg or j, >0

187) y=o or j, >0

188) y>-a or j, >0

189) y<fior j>0

18.10) y<fj or j,>0

18.11) y>—i or j, >0

18.12) y=—a or j, >0 or j, >0

Using these theorems we can make an efficient algorithm that solves our problem. An
algorithm consists of 7 functions: TestA, TestB, TestC, TestD, TestE, TestF and TestG. First
the function TestA is invoked and than it invokes TestB and so on. At the end (in the time that

is proportional or less then the product of min{m,,,m,m,;}-{m;/2,m,}) we get a required

solution. Here is the pseudocode of our algorithm:

TestG (Input data: j,, J,, J;, Jy» My, My, My, My, My, My, My, Mgy, My, My, N,L1,S)

) If m, —m,, +m,, —n, +m,, = 0(mod2) then return 0

2)If my, >0 and m,, +m,, —m,, <0 then return 0

3) Let a,b,c,d,e, f,g,h,i, j,k,I,m,o, p, fa, fb, fc, fd, fee, ff, fg, th, fi, fj, fk and fl be
defined as before

4) If at least one of the following conditions in not satisfied return 0
4.1) m,, —m,, + m;, —n, +m,, is an even number

4.2) (m,, =0) or (M, +m,, —m,, >0)
43) (b=0(mod3))or j, >0
4.4) m; =0(mod2) or j >0
45)k<jor j,>0

4.6) r<k

47)ym,=0or j, >0
48)a=-hor j>0or j>0
49)0=r or j, >0

410 k=0or j,>0or j,>0
411)k=ror j>0or j #2
4.12) fa< fee

4.13) ff <a



4.14) ff <ior j, >0

4.15) 0< fee or j, >0

4.16) 0> fa or j,>0

4.17)ya<ior j,>0or j,>0

5) dm = fk

6)If j, =0 then dm = max{dm,O}

7)If j, =0 then dm = max{dm, fg,o,—i}
8) If j, =0 then dm = max {dm,-a}

9) gm = fl

10) If j, =0 then gm = min{gm,0}
11) If j, =2 then gm=min{gm,r}

12) If j, =0 then gm = min{gm, fi}

13) If j, =0 then gm = min{gm, fj}

14)If (j, =0andj, = 0) then gm = min {gm,-a}
15) If j, =0 then gm = min{gm, fh}

16) If dm < gm then return 1

17) return 0

TestF (Input data: X,,, X3, X545 X435 X345 Xy )

1) If Xy, Xp55 X5 X35 Xag» Xy = 0 and Xy, + X5, =0(mod2) and X,, + X, > 0(mod2) and
Xyy + Xp5 + Xyy + X35 + X3y +X,, =3 and

((Xp3 + X%,y >0) 0r (X, =0) 0r (Xp, = Xy3 =X,y = X3 = X, = X,, =0)) and
((x23 =Xy =Xy, =0) or (X =Xy =X, =0) or (X, +min{X,;, X, } > 2)) then
1.1) Return 1

2) Return 0

TestE (Input data: j, j,, J;, J4» My, My, M5, M, My, , My, m,, My, My, ,mM,, N, 1,S, X, Y, 2,U)
1) Let m,,m,,d,,d,,t,,t,,0,,0, be defined as in (#)
2) If j, =0then

2.1)If not m; =m, =0 then return 0

3) Else

3.1) If not m;,m, <0 then return 0

4)If j, = 0then

4.1) Ifnot d, =d, =0 then return 0

5) Else

5.1) If not d,,d, <0 then return 0

6) If j, =0then

6.1) Ifnot t, =t, = 0 then return 0

7) Else



7.1) If not t,,t, <O then return 0
8) If j, =0then
8.1) Ifnot g, =q, =0 then return 0

9) Else
9.1) If not q,,q, <0 then return 0

10) If j, =2then
10.1) If t, +t, # r thenreturn 0

11) Else
I1.1)If t; +t, <r then return 0

12) If d; +d, <s then return 0

13) Return TestF (m,,,m,, —d,,m,, —d,,m,; —t

35104 39m34_t4_q3=m44_Q4)

TestD (Input data: j;, jy, Js» Jus My My, Myy, My, My Mg, My My My M, 1S )
1) If m,, <s then return 0
2) If m;, # 0 then return 0
3) If m,, + my, +2m,, +m,, # 0(mod3) then return 0
4)If m, +m,, +m,, +2m,, # 0(mod4) then return 0
5) n,=m,+m,+m,+m,
6) N, =(m; +m, +2m,; +m,,)/3
7y n, =(m, +m,, +m,, +2m,,)/4
8) n, # n; +2n, then return 0
9) If m,, —n, +m,; +m,, = 0(mod2) then
j2’ j29 j39 j4’m11’m12’m13’m14’m22’
9.1) If TestE| m,,,m,,,m;,,m,,,m,,,I,S, then return 1

m33,(m34 =Ny + My + m23)/2, m,,,m,,

10) If j, =1 then
10.1) If m,, —n, +m, +m,, =0(mod2) then

j27 j29 j39 j4’mll’m12’ml3’ml4’m22’
10.1.1) If TestE| m,,,m,,,m,,, m,,,m,,,I,S, then return 1

My, (My, =Ny +m, +m,,)/2,0,m,,
10.2) If my, —n, +m; +m, —m,, =0(mod2) then

j2’ j2’ j3’ j4’mll’m]2’m]3’m]4’m22’
10.2.1) If TestE | m,;,m,,,m;;,m,,,m,,,r,s, then return 1

05(m34 - n3 + m13 +m, — m24)/2s m,,m, —m,,



12’ JZ’ J3’ J4’mll’m12’ml3’ml4’m22’

10.2.2) If TestE | my,,m,,,m,;,m,,,m,,,r,s,r —(m,, —n, + m; +m, —m,, )/2, | then return 1

(m34 - n3 + m13 + m12 - m24)/27m44am12 - mz4

11) Else

11L.1) If (my, —n, +m +m,, =0(mod2) and m,, = 0(mod3)) then
jZ’ j2’ j3’ j4’mll’m12’ml3’ml4’m22’

11.1.1) If TestE| m,,,m,,,m,;,m,,,m,,,r,8,m,;, (M, —n, +m; +m,)/2, | then return 1
My, /3=n,+m; —(My, —n;+m; + My, )/2+m,,m,

11.2) If (m,, —n, +m +m;, —m,, +m,, =0(mod2) and m,, = 0(mod2)) then
j2’ j29 j3’ j4’m1]9m12’m13’ml4’m22’

11.2.1) If TestE| my,,m,,,m,;,m,,,m,,,r,8,m; /2 —(My, —ny +m,; +m, —m,, +m,)/2,
(m34 —Ny+Mm;+m, —m,, + m23)/2’ my,,m, —m,,

then return 1

Jis Jos B> Js My, my, mp,my,,

my,, My, My, , My, My, ,My,, I,

12) If TestG[ J then return 1

13) Return 0

TestC ( Input data: j,,i,,1,,i,1,,m,,m,,m,,m,,m,,,m;,m,,m;.,m,,m,,r,s)
il’j2’i4’i8’mll’ml2’ml3’ml4’ ]

My, My, My, , My, My, , My, r,0

1) If i; =0 then return TestD(

2) Elese if ((j, =1) or (m,, =0)) then

. m, —2r
3)Fori=0 to minﬂ”TJ,mB}

3 1) IfTeStD(il’l’i‘piS’mll’mlz +i’m13 _2.i7m147

. . j then return 1
My, , My, — 1, My, , My, My, ,my,, 1,1

4) Return 0

TestB (Input data: i,1i,,i;,1,, 15,1, 1, M, My, M, m,,my,,m,my,,m; m,,m,.,r)
1) If (i, =0) and (i; = 0) then
|2e|1a'4a'ea'8em11am12=m13am14aJ

My, My, My, , My, My, , My, 1

1.1) return TestC(

2) Else if (i, =0) and (i, =1) and (i; = 0)

1a|15|4’|6’|85m11’m12’m13’m14’ J
44’r

2.1)If m,, >m,, then return(
My =My, Myy, My, Myy, My, , M
3) Else if (i, =1) and (i; =1) and (i; = 0) then

3.1)If (m,, >m,, ) then

12 —



L, i, i, 0, my,m,,m,,m,,
3.1.1)If(;/( e T T T 14]:1Jthenreturn1
O’mzs’mz4’m33am34am44’r

19|1’|4’|69I83m119m129m139m145J _lj

225 My, Moy, Myy, My, , My, ¥

3.2) Return (7(

4) Else if (i, =0) and (i, = 0) and (i; =1) then
4.1)If m,, >2-m, then

Li i, i ,i.,m, ., m,,m.m.,,
4.1.1) IfTestC( Pz 2 R jthenreturnl

m22 _2.mlz’m23’m24’m33’m34’m44’r
5) Elseif (i, =1) and (i, = 0) and (i; =1)
5.1)If (2-m;, >m,, ) and (m,, = 0(mod2)) then

1’|1’|4’|6’|8’rn11’ran’mB’rn

5.1.1)If TestC( WJ then return 1

0, My, My, , My, My, ,My,, 1

17'1’|4’|6’I87mll’m12’ml3’ml4’ }
as T

5.2) Return TestC
m,, —m,, My, M, , My, M, ,M

6) Else if (i, =0) and (i, =1) and (i; =1) then
6.1) If m,, > m,, then
6.1.1)If 2-m, >m,,

Li i, i ,i.,m, ,m,,m.m,,
6.1.1.1)IfTestC( Pz A TR 14jthenretum1

0, My, My, My, My, My, 1

1’Il’l4’l6’IS’mll’mIZ’ml3’ml4’ ]
e

my, =M, My, M,,, My, My, M

6.1.2) Return TestC(

7)If (i, =1) and (i, =1) and (is =1) then
7.1)If 2-m, >m,, then

Li i, i i, m. .m_ .m.m
7.1.1)IfTestC( Piazier s T T2 T T then return 1
s Myy, My, , My, My, , My,

7.2) Return TestC Lo b Mo My, My, My,
My, , My, , My, , My, My, , My, 1

r

8) Return 0

TestA (Input data: i,,1,,1,,1,,1s,1,,1;, 1, M;,m,,mM,,m,,m,,m;,,m,,m,,m,,m

D If i, =0 then

|1’|2’I3’|4’|5’|6’I8’mll’mIZ’mB’

14> My, My, My, , My, My, , My,

1.1) If TestB[ ] then return 1

2) Else if (i, # 0 and i, = 0) then

2.1)For i =0 to min{m,,,m,m,,}

Lol h, 2,00, 0, my,m, —1,m, +1,

2.1.1) IfTestB( .
My, My, My —1,M,,, My, My, , My, 1

] then return 1



3) Else
3.1)For i =0 to min{m,,m,m,}

sl 1y 1ss 0, 1g, My, My, — 1, My 41,
.| then return 1

3.1.1) IfTeStB[ .
My, My, My —1,M,,, My, My, My, 1



