Zadatak 6.4 Nadite jednostavni verizni (neprekidni)
razlomak od:

1. 205 = [12,2,2,1,12] .

/2t At Bt B

2++5

o = 3 :>80:2,t0:3,3)((5—22):>
o = 6+9\/E_—_> so =06, tp =9, 9’(45—62)

S()"‘\/E 64—\/@ ap~1.4
o= o] = |28 =[R2
45 — 57 45— 3

to 9

S1—= CL()t()—S(): 1-9—6= 3, tlz =4

s1+/45 34V45 | a2, 4
o= ] = |25 =] =[]
45— s5 45— 5

= =5
1 4

S9— &1t1—81: 2 - 4 — 3 = 5, t2:



\‘ J {82+ V 45J \‘5"‘ V 45J p~2.3
19 5]
45 — 52 45 — 57
S3— a2t2—52: 2:-5—0= 5, t3: 83: =4
19 5
{ J {83+\/45J {5+\/45J as~2.9
ts 4
45 — 57 45— 37
Sq= CL3t3—S3: 2-4—5= 3, t4: 84: =9
t3 4
{ J {84+\/45J L3+V45J ay~1.07
ty 9
45 — s 45 — 6°
So— ayly—s4—1-9—3 =6, tim—mo 0 _1
ty 9
S5+ 45 6++/45 s~12.7
e o] - [2505) - (2B
t 1
45 — s2 45 — 6°
Sg— a5t5—85: 12-1—06= 6, t6: 86: =9

ls 1



<807t0>:(867t6>:(679) — ]:Oa k=26

r=6—period
—

o = [CLO, .. ,Cl,j_leLj, .. 7ak—1] —

= [ap, -, a5) = [1,2,2,2,1,12] .



2., /20— [1757]  ceN,

L
2c+1 0 2c(2c+1
N +/\/c(c+)::>
2c 2c
sp = 0, tyg=2c, 2c|(2c(2c+1) — 07
L
so++/2¢ (2¢ + 1) 04+/2¢ (2¢ + 1)
0= o] = [P = [
0

O+4+/2c (2 1 /2 1 1
Oé(): \/C(C+ ): C+ — 1_|__
2C 2C 2C
1
1 < 1—|——<2:>a0:{&0J:
V 2C

81:a0t0—80:1'2C—O:2C,

2c(2c+1)—s?  2c(2c+1)—(2¢)°
t() B 2c

i1 =




0 — {O‘lJ _ {81+\/2c(2c+ 1)J _ {20+\/2C(26+1)J

1 1

oy = 2c++/2¢(2¢ + 1)

2c =1/ (2¢)* < /2¢(2c+ 1) < \/(26+1)2=2c+1 —

de =2c+2c < 2c4+/2¢(2c+1) < 2c+2c+1=4dc+1 =

a; = {alJ =4c

So =ait1 — sy =4c-1— 2c = 2c,

2(2c+1)—s2  2c¢(2c+1)—(2¢)°
1

(g = {QQJ _ L82+\/20 (2¢ + 1 J {204—\/20 (2¢ + 1 J

to

2¢ 4+ +/2c(2c+ 1) /2 1 /
oy — c \/20 c c + 1. 1+_
c




1
2<1+\/1+—<3 —
2C
1
CLQI{O&QJI\}—F 1—|——J=2
\/ 2C

83:a2t2—82:2'26—2622C,

2¢(2c+1)—s3 2c(2c+1)— (2¢)°
tQ B 2C

lo = =1

(s1,t1) = (s3,83) = (2¢,1) = j=1 k=3

r=2—period
— O(:[CLO,...7a/j_17a/j,...,a/k_1]:

= |ay, a1, ag) = [1,4(:, 2] .



o V&> —d=[d—-1,2,2d—2|,deN,d>2;

2 _
g VEVE—d

1
So — O, t():]_, 1‘((d2—d)—02>

e WmJ : Lﬁ |

to 1

—\Vd®—d=+/d(d

—\/(d=11< Vdd-1) < VP =d=
ap = {O&oJ =d—1

SlzaotO—SOZ(d—l)-l—O:d—l,

—1)—s? —1)—(d—-1)
h:dwtj s _d(d )1@i ) _ 4.1




s1+Vd? —d — Vd?—d
o= |on] = [#HE -

X1 —

— 1 d—1

d—1+ V& —d NCICESY
J_1 =1t

1
:1+\/1+ﬁ — 2< a1 <3

@ = || =2

52:a1t1—51:2-(d—1)—(d—1):d—l,

d(d—1)—s3 d(d—1)—(d-1)

=1
1 d—1

by =




o a4y — {QQJ _ {SQ—I—\/mJ _ {d—1+\/mJ

) 1

2d_2:d_1+m<d—1+\/d(d_

— a9 = {@QJ = 2d — 2
83:&2t2—82:(2d—2>'1—<d—1>:d—1,

t3:d(d_1>_5§:d(d_1)—(d—1)2:d_l




Napomena:

o = 2+f = |1,2,2,1,12] je reducirana kvadratna

/A R

iramonalnost

2

a = +3\/5:1.412>1
2 — VD

o = 3\[ ~ 007187 = —1<a <0
T 6.11 ..

—> Cisto periodski razvoj.

e av=+6=22/1]

Teorem 6.12:

Vd = [ag; ar, as-.., a,_1, 2aq)
gdje je ag = {\/gJ ,aniz ay,as...,a,._1 je centralno
simetrican.

V6 ay = {\@J =2, 1=2 = |ao; a1, 2a]




Zadatak 6.5 Nadite jednostavni verizni (neprekidni)
razlomak od:

2. /29 = [5,2,1,1,2,10] .

a0 =v20 — s5,=0, ty= 1, ay— {\/29J 0zb-dg

29 — sy 29—-5°

S1—= CLQtQ—SQI 5-1—-0= 5, tlz 4
to 1
L J {SH—\/ 29 5+V29 | a,~2.6
i1 4
° 2 2
29 — 29 -3
S9— &1t1—81: 2-4—5= 3, t2: 82: =5

1 4

o [o] - [P - |2

) D



29 — 53 29 — 3
S3=— a2t2—52: 1-5—-3= 2, t3: 83: =5
to 4
sttty =5 r =2 4+1=2-241=75
o
V29 = [CLO;_,_,_,_,_] — [ao;al,ag,ag,al,an] =

V29 = [5;2,1,1,2,10]

e Napomena: a=vd*—d,deN,d > 2;

a=+vVd?—d=—=

80:0, t():]_, CL():{OéoJ:d—l
Slzd—]., tlzd—]., a1:{a0J22

ngd—l=>81282:d—1n=:1>7“=2n:2-1:2

& —d=la;_,_,] = |ap;a1,209] =

V& —d=|d—1,2,2d — 2|




Primjer Nadite sve Pitagorine trokute u kojima je
jedna stranica jednaka 39.

Rjesenje:

(x,y,2) = (dx1,dy1,dz) | (x1,y1,21) primitivna

[d (m? = n®)]* + (d- 2mn)* = [d (m® + n?)]*.

2

(x1,y1,21) = (m —n? 2mn, m*+ n2)

30 —3.13 "2 1 1.3.13,39
i) d = 1 (primitivne)

1) m? +n? =39 = (npr. m—paran) n> = 3mod 4
—> nema;

2) m>—n*=(m—n)(m+n)=239
39=39-1=13-3

2 m+n=39 m-—-n=1=—m=20,n=19 =
2z = 20°+19% = 761
r = 20% —19% = 39
y = 2-20-19 = 760



— (1,y,2) = (39,760, 761)

Provjera: 39° + 760 = 579121 = 7612,
2bpm+n=13 m—n=3=—m=8n=5—
z = 8 +5° =89
r = 8 —5° =39
y=2-8-5=280

— (z,y, 2) = (39, 80, 89)

Provjera: 39 + 80% = 7921 = 892,

i)d =3

3) m? +n? =13 = (npr. m—paran) n?> = 1 mod 4
—> dobro;

m>n

m?+n?=13= 21’ <13 —
n<\f_25495:>n<2=>
m? = 13—n*n=12.
m* = 13 — 1> = 12 = nema

m? =13—-22=9=—=m=3,n=2



2 = 32 4+22=13
T =32 -22=5
yp = 2-3-2=12

— (z,y,2) = (3x1,3y1,321) = (15,36, 39).

Provjera: 15% + 36% = 1521 = 39°.
Am?>—n*=(m-n)(m+n)=13=13=13-1
m+n=13 m—n=1—=m=7n=6—

2 =T +6°=85

) = 77— 6° =13

— (z,y, 2) = (321, 3y1,321) = (39,252,255)..
Provjera: 392 + 2522 = 65025 = 2552,
iii)d =13

5) m?> +n?> =3 = (npr. m—paran) n> = 3mod 4
— nema;



6)m*—n’=(m—-n)(m+n)=3=3=3-1
m+n=3m—n=1l=—m=2n=1=—
7 = 2°+2° =38
T = 2°—1"=3
o= 2-2-1=4

— (.I', Y, Z) = (131‘1, 13y, 1321) = (39, 52, 65> :

Provjera: 39% + 52 = 4225 = 65°.

d = 39 (nepotrebno)
Nm*>+n’=1=—=m>n=>m=1n=0=—
nema;
8)m’—n*=m-n)(m+n)=1=1=1-1
m+n=1m-n=1= m=1,n=0= nema;



Primjer Nadite sve Pitagorine trokute u kojima je
jedna stranica jednaka 12.

Rjesenje:

(x,y,2) = (dx1,dy1,dz) | (x1,y1,21) primitivna

[d (m? = n®)]* + (d- 2mn)* = [d (m® + n?)]*.

2

(x1,y1,21) = (m —n? 2mn, m*+ n2)

12-3.22"25°% 1 1.9.43.6,12

i) d = 1 (primitivne)

1) 2mn =12 — mn =6 = m =6n=1 1
m=3n=2—
1a)

2 =6"+17=37

T =6"—1"=35

y=2:-6-1=12

— (z,y,2) = (35,12,37).

Provjera: 35° + 12° = 1369 = 372.



1b)
2 = P +22=13
r =3 -22=5
2.3.2=12

S
|

— (z,y,2) = (5,12,13).

Provjera: 5% 4+ 122 = 169 = 132

ii)d =2
2)2mn =6 —= mn=3=— m = 3,n = 1nista -
Iste su parnosti;

lii)d=14
Iym*—n*=(m-n)(m+n)=3=3-1=
m+n=3m—-n=1=—=m=2,n=1

z=22412=5
r=2"—-1"=3
y=2-2-1=4

— (513, Y, Z) = (4331,43/1, 421) = (12, 16, 20) .



Provjera: 122 + 16° = 400 = 207.

A m*+n°=3=m*’<3J=n?=1= m’=
2 =>nista

iv)d =3
5)2mn=4 — mn=2=—m=2,n=1—
2 =224+1"=5
r=2-1"=3
y =2-2-1=4

— (2,9, 2) = (3x1,3y1,321) = (9,12,15).

Provjera: 92 4 122 = 225 = 15°.

v)d=6

6)2mn =2 = mm=1—m=1n=1—=
nista iste su parnosti i m = n;



Primjer Nadite sve Pitagorine trokute u kojima je
jedna stranica jednaka 63.

Rjesenje:

(x,y,2) = (dx1,dy1,dz) | (x1,y1,21) primitivna

[d (m? = n®)]* + (d- 2mn)* = [d (m® + n?)]*.

(x1,y1,21) = (m2 —n? 2mn, m*+ n2)

63 =327 "0 1 - 1.3.9.7.21.63
i) d = 1 (primitivne)

1) m? +n? = 63 = (npr. m—paran) n> = 3mod 4
—> nema;

2) m> —n*=(m—mn)(m+n) =063
63=63-1=21-3=9.7

2 m+n=63m—-n=1=—m=32,n=31 =
z = 32° +31% = 1985
r = 32 —31%* = 63
y = 2-32-31 = 1984



— (z,y, 2) = (63,1984, 1985)

Provjera: 63% + 19842 = 3940 225 = 19852

2bpm+n=21m-n=3=m=12,n=9 =
nista - nisu relativno prosti. Imali bi:

2 = 1224+ 9% =225
T = 12° — 9% = 63
y = 2-12-9 =216

— (x,y,2) = (63,216, 225)

Ova trojka nije primitivna - pojavit Ce se kasnije.
2c)m+n=9m—-n=T=m=8n=1=—=
z =8 +1°=65
r =8 —1*=63
y =2-8-1=16

— (z,y,2) = (63,16,65).

Provjera: 632 + 162 = 4225 = 652.



ii)d = 3

1a) m?>+n? = 21 = (npr. m—paran) n?> = 1 mod 4
— dobro;

2n* <m?+n*=21 = n* <3 =10.5
— n<3= n=123.
m? =21 — 1 = 20 = nista;
m? =21 — 4 = 17, = nista;
m? =21 — 9 = 12 = nista.

2) m> —n*=(m—mn)(m+n) =21
21=21-1=7-3

22) m+n=2lm—-n=1=—m=11,n=10=

7 = 11°+10% = 221
T = 112 = 10> =21
Yy = 2-11-10 = 220

— (2.9, 2) = (321,391, 321) = (63, 660, 663)

Provjera: 63° + 660° = 439 569 = 663>



2b)m+n=7Tm-n=3=m=5,n=2—
2 = 5 +2°=29
T = 52 —22=21
Yy = 2-5-2=20

— (1,9, 2) = (311, 3y1,321) = (63,60,87)

Provjera: 63% + 60° = 7569 = 872

iii)d =9
1a) m?> + n®> =7 = (npr. m—paran) n?> = 3mod 4
— nista;

2)m?—n*=(m—-n)(m+n)="7T
(=7-1

2 m+n=7m-n=1=—=m=4n=3—=
n o= 44 +3 =25
I = 42—32:7

2:-4-3=24

Y1



s (2.3, 2) = (91,991, 921) = (63,216, 225) ()
Provjera: 63% + 216° = 50625 = 225>

iv)d =7

1a) m? + n> =9 = (npr. m—paran) n?> = 1 mod 4
—dobro;

M2 <m?>+n?=9 = n?<2=4.5
—> n§2_——> n:1,2.
m?=9—1=8—=— nista:

m? =9 — 5 =5 —=—> nista.

(U] Ne)

2)m>—n’=(m—-n)(m+n)=9
9=9.-1=3-3

2 m+n=9m—-n=1=—m=5n=4—
2 = 54+ 4% =41
T = 5 —42=9
Yy = 2-5-4 =40



— (I, Y, Z) — (7.%’1, 7y17 721) — (637 2807 287)

Provjera: 632 + 280% = 82369 = 287°
2b)m+n=3 m—n=3=—= m=3,n=0= nista

v)d =21

1a) m> + n?> =3 = (npr. m—paran) n?> = 3mod 4
— nista;

2)m?>—n*=(m-n)(m+n)=3
3=3-1

2 m+n=3 m—-n=1=—=m=2,n=1—=
2 =2+1"=5
1 = 2°—1*=3
yp = 2-2-1=4

— (z,y,2) = (2121, 21y, 2121) = (63,84, 105)

Provjera: 63° + 84° = 11025 = 105°



Primjer Nadite najmanje rjeSenje u prirodnim
brojevima Pellovih jednadzbi z° — 47y? = 1 |
r? — 47y* = —1 (ako postoje).

Rjesenje:
L
0 47
a = VAT = +1\F:> s)=0, ty=1, 1|(47 - 0°) =

e o] = V]2

47 — §2 47 — 62
s1= aplg—s9=6-1—0 =6, t;——0 L ~11
to 1
o
{ J fﬁVMJ {GJFVMJ ay~1.2
t 11
AT — 83 A7 — 52

9= alj—s1=1-11 =6 = 5, tym—r "2 _2

] 11



2= LQQJ = {SQ—F\/EJ _ F—"\/EJ as~25.9

9 2
AT — 55 47 — 57
S3— a2t2_82: 5-2—5= , t3: 83: =11
9 2
o
= s3 =5 =S r=2n=2-2=4
VAT = [ag; o, _,_,] = lag; a1, as, a1, 2ay] =
V4T = 16,1,5,1,12]
e Kako je r = 4 paran, onda jednadzba 2> —47y* = —1

nema rjesenja, a sva rjesenja u prirodnim brojevima
odz? —47y? =1sudanasaz = py_1, Y = Qup—1,
k € N.

e Najmanije (z,y) = (p3,¢3);



e Trazenje konvergenti, tj. rjeSenja u prirodnim broje-
vima:

Dn = QpPn—1 + Pn—2, Po — Qo, P1 = QoG + 1;
dn = Gpdpn—1+ Gn—2, qo — 17 q1 = az.

n |01 2

a, |61 5 1
Pn | 6]7]41 148
G | 11116 | 7

e Najmanje (z,y) = (48,7).



