
Zadatak 6.4 Nad̄ite jednostavni veri�ni (neprekidni)
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Zadatak 6.5 Nad̄ite jednostavni veri�ni (neprekidni)
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Primjer Nad̄ite sve Pitagorine trokute u kojima je
jedna stranica jednaka 39:

Rje�enje:
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i) d = 1 (primitivne)

1) m2 + n2 = 39 =) (npr. m�paran) n2 = 3mod 4
=) nema;

2) m2 � n2 = (m� n) (m + n) = 39

39 = 39 � 1 = 13 � 3

2a) m + n = 39; m� n = 1 =) m = 20; n = 19 =)

z = 202 + 192 = 761

x = 202 � 192 = 39
y = 2 � 20 � 19 = 760



=) (x; y; z) = (39;760;761)

Provjera: 392 + 7602 = 579 121 = 7612:
2b) m + n = 13; m� n = 3 =) m = 8; n = 5 =)

z = 82 + 52 = 89

x = 82 � 52 = 39
y = 2 � 8 � 5 = 80

=) (x; y; z) = (39;80;89)

Provjera: 392 + 802 = 7921 = 892:
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z1 = 32 + 22 = 13

x1 = 32 � 22 = 5
y1 = 2 � 3 � 2 = 12

=) (x; y; z) = (3x1; 3y1; 3z1) = (15;36;39) :

Provjera: 152 + 362 = 1521 = 392:

4) m2 � n2 = (m� n) (m + n) = 13 =) 13 = 13 � 1
m + n = 13; m� n = 1 =) m = 7; n = 6 =)

z1 = 72 + 62 = 85

x1 = 72 � 62 = 13
y1 = 2 � 7 � 6 = 84

=) (x; y; z) = (3x1; 3y1; 3z1) = (39;252;255) :

Provjera: 392 + 2522 = 65 025 = 2552:

iii) d = 13
5) m2 + n2 = 3 =) (npr. m�paran) n2 = 3mod 4
=) nema;



6) m2 � n2 = (m� n) (m + n) = 3 =) 3 = 3 � 1
m + n = 3; m� n = 1 =) m = 2; n = 1 =)

z1 = 22 + 22 = 8

x1 = 22 � 12 = 3
y1 = 2 � 2 � 1 = 4

=) (x; y; z) = (13x1; 13y1; 13z1) = (39;52;65) :

Provjera: 392 + 522 = 4225 = 652:

d = 39 (nepotrebno)

7) m2 + n2 = 1 =) m > n =) m = 1; n = 0 =)
nema;

8) m2 � n2 = (m� n) (m + n) = 1 =) 1 = 1 � 1
m + n = 1; m� n = 1 =) m = 1; n = 0 =) nema;



Primjer Nad̄ite sve Pitagorine trokute u kojima je
jedna stranica jednaka 12:

Rje�enje:

(x; y; z) = (dx1; dy1; dz1) i (x1; y1; z1) primitivna�
d
�
m2 � n2

��2
+ (d � 2mn)2 =

�
d
�
m2 + n2

��2
:

(x1; y1; z1) =
�
m2 � n2; 2mn; m2 + n2

�
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i) d = 1 (primitivne)

1) 2mn = 12 =) mn = 6 =) m = 6; n = 1 i
m = 3; n = 2 =)
1a)

z = 62 + 12 = 37

x = 62 � 12 = 35
y = 2 � 6 � 1 = 12

=) (x; y; z) = (35;12;37) :

Provjera: 352 + 122 = 1369 = 372:



1b)
z = 32 + 22 = 13

x = 32 � 22 = 5
y = 2 � 3 � 2 = 12

=) (x; y; z) = (5;12;13) :

Provjera: 52 + 122 = 169 = 132:

ii) d = 2

2) 2mn = 6 =) mn = 3 =) m = 3; n = 1 ni�ta -
iste su parnosti;

iii) d = 4

3) m2 � n2 = (m� n) (m + n) = 3 = 3 � 1 =)
m + n = 3;m� n = 1 =) m = 2; n = 1

z = 22 + 12 = 5

x = 22 � 12 = 3
y = 2 � 2 � 1 = 4

=) (x; y; z) = (4x1; 4y1; 4z1) = (12;16;20) :



Provjera: 122 + 162 = 400 = 202:

4) m2 + n2 = 3 =) 2n2 � 3 =) n2 = 1 =) m2 =
2 =)ni�ta

iv) d = 3

5) 2mn = 4 =) mn = 2 =) m = 2; n = 1 =)

z = 22 + 12 = 5

x = 22 � 12 = 3
y = 2 � 2 � 1 = 4

=) (x; y; z) = (3x1; 3y1; 3z1) = (9;12;15) :

Provjera: 92 + 122 = 225 = 152:

v) d = 6

6) 2mn = 2 =) mn = 1 =) m = 1; n = 1 =)
ni�ta iste su parnosti i m = n;



Primjer Nad̄ite sve Pitagorine trokute u kojima je
jedna stranica jednaka 63:

Rje�enje:

(x; y; z) = (dx1; dy1; dz1) i (x1; y1; z1) primitivna�
d
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��2
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�
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�
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�
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�
63 = 327

�(63)=6
=) d = 1; 3; 9; 7; 21; 63

i) d = 1 (primitivne)

1) m2 + n2 = 63 =) (npr. m�paran) n2 = 3mod 4
=) nema;

2) m2 � n2 = (m� n) (m + n) = 63

63 = 63 � 1 = 21 � 3 = 9 � 7

2a) m + n = 63; m� n = 1 =) m = 32; n = 31 =)

z = 322 + 312 = 1985

x = 322 � 312 = 63
y = 2 � 32 � 31 = 1984



=) (x; y; z) = (63;1984;1985)

Provjera: 632 + 19842 = 3940 225 = 19852

2b) m + n = 21; m� n = 3 =) m = 12; n = 9 =)
ni�ta - nisu relativno prosti. Imali bi:

z = 122 + 92 = 225

x = 122 � 92 = 63
y = 2 � 12 � 9 = 216

=) (x; y; z) = (63;216;225)

Ova trojka nije primitivna - pojavit će se kasnije.

2c) m + n = 9; m� n = 7 =) m = 8; n = 1 =)

z = 82 + 12 = 65

x = 82 � 12 = 63
y = 2 � 8 � 1 = 16

=) (x; y; z) = (63;16;65) :

Provjera: 632 + 162 = 4225 = 652:



ii) d = 3

1a)m2+n2 = 21 =) (npr. m�paran) n2 = 1mod 4
=) dobro;

2n2 � m2 + n2 = 21 =) n2 � 21
2 = 10: 5

=) n � 3 =) n = 1; 2; 3:

m2 = 21� 1 = 20 =) ni�ta;
m2 = 21� 4 = 17; =) ni�ta;
m2 = 21� 9 = 12 =) ni�ta.

2) m2 � n2 = (m� n) (m + n) = 21

21 = 21 � 1 = 7 � 3

2a) m + n = 21; m� n = 1 =) m = 11; n = 10 =)

z1 = 112 + 102 = 221

x1 = 112 � 102 = 21
y1 = 2 � 11 � 10 = 220

=) (x; y; z) = (3x1; 3y1; 3z1) = (63;660;663)

Provjera: 632 + 6602 = 439 569 = 6632



2b) m + n = 7; m� n = 3 =) m = 5; n = 2 =)

z1 = 52 + 22 = 29

x1 = 52 � 22 = 21
y1 = 2 � 5 � 2 = 20

=) (x; y; z) = (3x1; 3y1; 3z1) = (63;60;87)

Provjera: 632 + 602 = 7569 = 872

iii) d = 9

1a) m2 + n2 = 7 =) (npr. m�paran) n2 = 3mod 4
=) ni�ta;

2) m2 � n2 = (m� n) (m + n) = 7

7 = 7 � 1

2a) m + n = 7; m� n = 1 =) m = 4; n = 3 =)

z1 = 42 + 32 = 25

x1 = 42 � 32 = 7
y1 = 2 � 4 � 3 = 24



=) (x; y; z) = (9x1; 9y1; 9z1) = (63;216;225) (!)

Provjera: 632 + 2162 = 50 625 = 2252

iv) d = 7

1a) m2 + n2 = 9 =) (npr. m�paran) n2 = 1mod 4
=)dobro;

2n2 � m2 + n2 = 9 =) n2 � 9
2 = 4: 5

=) n � 2 =) n = 1; 2:

m2 = 9� 1 = 8 =) ni�ta;
m2 = 9� 5 = 5 =) ni�ta.

2) m2 � n2 = (m� n) (m + n) = 9

9 = 9 � 1 = 3 � 3

2a) m + n = 9; m� n = 1 =) m = 5; n = 4 =)

z1 = 52 + 42 = 41

x1 = 52 � 42 = 9
y1 = 2 � 5 � 4 = 40



=) (x; y; z) = (7x1; 7y1; 7z1) = (63;280;287)

Provjera: 632 + 2802 = 82 369 = 2872

2b) m + n = 3; m� n = 3 =) m = 3; n = 0 =) ni�ta

v) d = 21

1a) m2 + n2 = 3 =) (npr. m�paran) n2 = 3mod 4
=) ni�ta;

2) m2 � n2 = (m� n) (m + n) = 3

3 = 3 � 1

2a) m + n = 3; m� n = 1 =) m = 2; n = 1 =)

z1 = 22 + 12 = 5

x1 = 22 � 12 = 3
y1 = 2 � 2 � 1 = 4

=) (x; y; z) = (21x1; 21y1; 21z1) = (63;84;105)

Provjera: 632 + 842 = 11 025 = 1052



Primjer Nad̄ite najmanje rje�enje u prirodnim
brojevima Pellovih jednad�bi x2 � 47y2 = 1 i
x2 � 47y2 = �1 (ako postoje).

Rje�enje:
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k
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a2=

j
�2

k
=
js2+p47

t2

k
=
j5+p47

2

k
�2'5: 9= 5;

s3= a2t2�s2= 5 � 2� 5 = 5; t3=
47� s23
t2

=
47� 52
2

=11

�
=) s2= s3 = 5

n=2
=) r =2n = 2 � 2 = 4

p
47 = [a0; _; _; _; _; ] =)

�
a0; a1; a2; a1; 2a0

�
=)

p
47 =

�
6; 1; 5; 1; 12

�
� Kako je r = 4 paran, onda jednad�ba x2�47y2 = �1
nema rje�enja, a sva rje�enja u prirodnim brojevima
od x2 � 47y2 = 1 su dana sa x = p4k�1, y = q4k�1;
k 2 N:

� Najmanje (x; y) = (p3; q3) ;



� Tra�enje konvergenti, tj. rje�enja u prirodnim broje-
vima:

pn = anpn�1 + pn�2; p0 = a0; p1 = a0a1 + 1;

qn = anqn�1 + qn�2; q0 = 1; q1 = a1:

n 0 1 2 3

an 6 1 5 1
pn 6 7 41 48
qn 1 1 6 7

� Najmanje (x; y) = (48;7) :


