DIFFERENTIAL CALCULUS
- EXERCISES

4.1 Functions

1. Suppose that ¢t hours past midnight, the temperature in Rome was
1
C(t) = —gtz + 4t + 10 degrees Celsius.

(a) What was the temperature at 2:00 P.M.?7

(b) By how much the temperature increases or decreases between 6:00
and 9:00 PM?
Solution.

(a) We put ¢t =14 in C and we have
C(l4)=—%-142+4-144+10 = —L + 66 = =BHB = 10,
so the temperature was 33C°.
(b) Calculate C (t) for t = 18 and t = 21 :
C(18) = —1 . 182 + 418+ 10 = —54 4 82 = 28,
C(21)=—2-2124+4-21+10= -4 + 94 = 4.

2
Since 28 > %, we can conclude that temperature decreased for

28 — % = @ = % = 7.5 Celsius’ degree.

2. Specify the domain and the range of the given function:

1
(@) h(w) = <=
() 8(0) = =7
(€ fa) = /=
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(a)

1. Let f(x) = y/x and g(z) = _le

Solution.

Since division by any real number except zero is possible and since
negative numbers do not have real roots , the only values of u for
which h(u) can be evaluated are those for which u?> —9 > 0 and
u? —9 # 0. These condition imply u? — 9 = (u — 3)(u + 3) > 0.
Now, we conclude that the domain of h are all real numbers u for
which | u |[> 3. The range of h is the set of all real numbers ¢ for
which £ > 0

Since | t—1 |= 0 implies ¢ = 1 the domain of g are all real numbers
t except t = 1. The range of g is the set of all real numbers z for
which z > 0.

The only values of z for which f(z) can be evaluated are those for
which %5 > 0 and = + 1 # 0. Let us sketch the following table.

Valuesof z | ¢ < —1 -1 —1<x<0|0|xz>0
T — -1 — 0 +
x+1 — 0 + 1 +
- + | undefined _ o] +
z+1

Now, we conclude that the domain of f are all real numbers x for
which x < —1 or x > 0. It remains to specify the range of f. Note
that f(x) > 0 for each = in the domain of f. However f(x) # 1,
since f(x) = 1 would imply x = = + 1, which is impossible. Thus,
the range of f is the set of all real numbers ¢ for which ¢ > 0 and

41,

1 be given. Examine if the compo-

sitions g o f and f o g are defined.

Solution. Notice that the domain of f is the set of all real numbers
x for which > 0. Furthermore, the range of f is equal to its domain.
On the other hand, the domain of g is the set of all real numbers x and
the range of g is the set of all real numbers ¢ for which —1 < ¢t < 0.
Since the range of f is contained in the domain of g, the composition
g o f is defined. Since the range of g is not contained in the domain of
f, the composition f o g is not defined.

4. Find the composite function (g o f)(z) if

(a)

fla)=2> -1, g(u)=vu+1,
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r—1 3
0) fa) =5 9= ¢,
3 T 1
© fa) =3 gle) =5
Solution.

(a) (go i) =g(f(z)) =g(a® —1) =/(a>—1)+1=
:\/ﬁz\aﬂ { x, xZO.

-z, <0

Notice that from (b) and (c) follows that, in general,

(f20 f1)(x) # (fi0 f2)(2),

which means that for the composite function the commutativity is not
valid.

5. Find the functions ¢g(z) and h(u) such that f(z) = (ho g)(z) if

1
(a) f(=x) :Vl‘+3—my
2 —1
(b) f(x) = prany
Solution.

(a) Since f(z) = Vx +3 — Hl4)3 =+Vr+3 - m you can put
g(z) =z + 3 and h(u) = Vu — ﬁ Another possible choice is

g(z) =z +4 and h(u) = Vu—1— 5.

3
(b) Since f(x) = zzﬁ = “‘iﬁﬁd = (xg‘":)lﬁ you can choose
g(z) = 2* and h(u) = “= or

g(x) =2*+1 and h(u )u:;zor
g(z) =2*>—1 and h(u) =

6. Examine if g(z) = ﬁ is the inverse function of f(z) = .

Solution. The domain of f is the set of all real numbers = except
x = 0. The range of f is the set of all real numbers ¢ for which ¢ > 0.
The domain of g is equal to the range of f, and the codomain of g

equals its domain. Therefore both compositions g o f and f o g are
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defined. Let x > 0 be an arbitrary element in the domain of g and
let us compute (f o g)(z) = f(g(z)) = f(ﬁ) = (11)2 = z. Now,
Na

we can see that (f o g)(z) = =z, for each z in the domain of g. Let
x # 0 be an arbitrary element in the domain of f.Let us compute

(go fl(z) = g(f(z)) = g(z_lz) = 1% = Va? =| x | . Since for each

negative number | z |= —x # x, we conclude that (go f)(x) =z is not
valid for each z in the domain of f. Therefore, g(z) = ﬁ is not the

inverse function of f(z) = .

7. Examine if the function f(z) = v/22? + 2 has the inverse function.

Solution. Let x # 0 be an arbitrary real number. Obviously x is in
the domain of f since the domain of f is the set of all real numbers.

Then —x # z and f(—z) = \/(—2)?+ 2 = V22 + 2 = f(z). According

to Theorem 3.13 f has no inverse function.

8. Find the inverses of the following functions:

@) f0) = =,
) fla) ==
Solution.

(a) First note that the domain of f is the set of all real numbers
x except x = —1 and its range is the set of all real numbers ¢
except t = 0. It is easy to check that the function f satisfies the
condition (i) of Theorem 3.13. Hence, we conclude that f : A —
B, where A =R\ {1} ={z€R:z# —1} and B =R\ {0} =
{r € R:x # 0}, admits the inverse function g : B — A. Let us
find the rule of assignment of g. First put y = x%ﬂ and then

express x in terms of y. You get

3 _ 3 _ 3 _ s/3 _ _ 3/3—y
y(zw +1) =3, +l=2 z=7-1 z= .

Interchange x and y in the last equation to get an expression for

the function y = ¢/2=%. So, g(x) = {/2=% is the inverse function

of f(x).
(b) First note that the domain of f is the set of all real numbers z

except x = —2 and its range is the set of all real numbers t except
t = 2. It is easy to check that the function f satisfies the condition
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9.

10.

(i) of Theorem 3.13. Hence, we conclude that f : A — B, where
A = R\ {-2} and B = R\ {2}, admits the inverse function
g: B — A. Let us find the rule of assignment of g. From y = 22=1

42
you get
ylxr+2) = 20—-1, yr—2x=-2y—1,
x(y—2) = —(2u+1), x:g—fyy.

After interchanging = and y you get g(z) = £22, which is the
inverse function of f(x).

S5x + 3
Show that the function f(x) = 296 i : coincides with its inverse.
x J—
Solution. You need to find the inverse function g(z) of f(z) and show
f(z) = g(z). Note that the domain of f is the set A = R\ {2} and the
range of f is equal to its domain. It is easy to check that the function
f satisfies the condition (i) of Theorem 3.13. Hence, we conclude that

f : A — A has the inverse function g : A — A. From y = ngg you get

B B _ _ 5y+3
y(2z—5) =br+3, yr—5z=3+5y, x(2y—>5)=3+5y, x=3I.

Since g(z) = gz—fg = f(x), it follows that the function f(x) = %

coincides with its inverse.

Write an equation for the line that passes through the points (2, 3) and
(4,5).

Solution. The general form of the linear equation is
y=ar+0b, a#0.

Recall that the coefficient a is the slope £=2L of the line and the

coefficient b is the height at which the line crosses the y axis. Put
(2,3) = (z1,41) and (4,5) = (2,2) and compute

_ Y-y d-3

= = 1.
Ty — X1 4—2

a

Now, use the point-slope form of the equation of a line

y—y =a(z —11)

to get y — 3 = 1(z — 2). The required equation is y = = + 1.
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11.

12.

13.

Find the slope of the line that passes through the points of intersection
of the graphs of the functions f(z) = 2*® and g(z) = 2 + 2* — 3z + 2.

Solution. To find the points of intersection algebraically, set f(z)
equal to g(x) and solve for z. You get

=2 -3r+2 2°-3r+2=(r-2)(z—-1)=0.
Thus, the points of intersection are (2,8) and (1, 1). Since

Slope — yQ_yl
To2 —T1

_1-8 _
you get Slope = =5 =T7.

Biologist have determined that under ideal conditions, the number of
bacteria in a culture grows exponentially. Suppose that 2000 bacteria
are initially present in a certain culture and that 6000 are present 20
minutes later. How many bacteria will be present at the end of 1 hour?

Solution. Let Q(t) denote the number of bacteria present after ¢
minutes. Since the number of bacteria grows exponentially and since
2000 bacteria were initially present, you know that () is a function of
the form

Q(t) = 2000e*.

Since 6000 bacteria are present after 20 minutes, it follows
6000 = 2000¢**  or % =3.

To find the number of bacteria present at the end of 1 hour (60 minutes),
compute Q(60). You get

Q(60) = 2000¢%* = 2000 (€2%)” = 2000 (3)* = 54000.
That is, 54000 bacteria will be present at the end of 1 hour.

The population density x miles from the center of a city is given by a
function of the form

Q(x) = Ae ™.

Find this function if it is known that the population density at the
center of the city is 15000 people per square mile and the density 10
miles from the center is 9000 people per square mile.
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Solution. For simplicity, express the density in units of 1000 people
per square mile. The fact that Q(0) = 15 tells you that Q(0) = A = 15.
The fact Q(10) = 15e71% =9 tells you

o 10k _ 9

10k _
15 € =

3
or 5

Taking the logarithm of each side of this equation, you get
—1n 3 —1n 3 113 ~
—10kIne =1Inz, —10k =1Inz, k=—15Ing =~ 0.051.

Hence the exponential function for the population density is (approxi-
mately) Q(z) = 15e~ 00517,

Homework

1. It is estimated that ¢ years from now, the population of a certain sub-

6
urban community will be P(t) = 20 — 1 thousand.

(a) What will the population of the community be 9 years from now?
(b) By how much will the population increase during the 9th year?
(c) What will happen to the size of the population in the long run?

2. Biologists have found that the speed of blood in an artery is a function
of the distance of the blood from the artery’s central axis. According
to Poiseuille’s law, the speed (in centimeters per second) of blood
that is r centimeters from the central axis of an artery is given by the
function

S(r) = C(R* —12),

where C' is a constant and R is the radius of the artery. Suppose that
for a certain artery, C' = 1.76 x 10° and R = 1.2 x 1072 centimeters.

(a) Compute the speed of the blood at the central axis of this artery.

(b) Compute the speed of the blood midway between the artery’s wall
and central axis.

In Problems 3 through 6, specify the domain of the given function.
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10.

11.

12.

13.

14.

15.

. h(u) =

u

u2 —u—2

Cg(t) = TT=3]

In Problems 7 through 9, find the composite function (g o f)(x).

f) = T2 o) =
flz) = Vo =1, g(t) =t* — 2?

flx)=vVx—1,g(x) =222 +1
In Problems 10 through 12, find the functions g(x) and h(u) such that
f(x) = (hog)(x).

fla) = VEF2 -

(x +1)2
x3—1
fle) = 23+ 1
fz) = vr+2

An environmental study of a certain suburban community suggests that
the average daily level of carbon monoxide in the air will be ¢(p) =
0.4p + 1 parts per million when the population is p thousand. It is
estimated that ¢ years from now the population will be p(t) = 8 4 0.2t2
thousand.

(a) Express the level of carbon monoxide in the air as a function of
time?

(b) What will the carbon monoxide level be 2 years from now?

(¢c) When will the carbon monoxide level reach 6.2 parts per million?

Find an equation of the line that passes through the points (2,6) and
(4,10)

Write an equation for the line that passes through the points of inter-
section of the graphs of the functions f(x) = z? and g(z) = 22?22 —3.



DIFFERENTIAL CALCULUS - EXERCISES 9

16.

Examine if the function g(z) = logy(z + 1) is the inverse function of

flz) =2 1.

In Problems 17 through 20, find the inverse function g(z) of the given func-

tion.

17.

18.
19.
20.

21.

22.

flay ="
f(z) =In(x + 2)
f(z)=2+9
fle) = YT

A certain industrial machine depreciates so that its value after t years
is given by a function of the form Q(t) = Qpe™"%%. After 20 years, the
machine is worth 10000$. What was its original value?

On the Richter scale, the magnitude of an earthquake of intensity I is

given by
In/

:lnlo'

(a) Find the intensity of the 1906 San Francisco earthquake, which
measured 8.3 on the Richter scale.

(b) How much more intense was the San Francisco earthquake of 1906
than the Bay Area Series earthquake of 1989, which measured 6.9
on the Richter scale.

Results

1.

a

(

(b
(c
(
(b

~—

P(9) = 19.4 thousand
P(9) — P(8) = scthousand
The size will reach 20000 thousand.
S(0

(0) = CR? = 25.344 (centimeters per second)
) S(£) = 2CR? = 19.008 (centimeters per second)

~_

~—

a

All real numbers z for which z > 4.

All real numbers u except v = 2 and u = —1.
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5. All real numbers ¢.

6. All real numbers = except = land z = —1.

7. (g0 f)(a) = gy — 22

8 (gof)x)=2x—1—-2Va?—2zx+1
9. (gofilx)=2]x—1]+1
10. One possible choice is g(z) =+ 1 and h(u) = Vu+1 — 2.

11. One possible choice is g(z) = 23 + 1 and h(u) = 2.

HERA

12. One possible choice is g(z) = = + 2 and h(u) =

13. (a) c(p(t)) = 0.08t* + 4.2
(b) ¢(p(2)) = 4.52 parts per million
(c) c(p(t)) = 6.2 implies t = 5 years from now.

14, y = 2z +2

15. y = 22 + 3

16. Yes

17. g(z) = X

18. g(z) =e*—2
19. g(z) = vz —9
20. g(z) =2%—1

21. Qg = 10000603
Inl : : _ .
22. (a) 8.3 = ;2 implies | = 1082
(b) The San Francisco earthquake was 1083759 = 10'* more intensive
than The Bay Area Series earthquake.
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4.2 Limits and Continuity

1. Examine if there exists the limit of the function f (z) = 2243, z<2
r—1, x>2
as x approaches 2.

Solution. The function values f(z) get closer and closer to 7 as x
approaches 2 from the left. On the other hand, the function values
f(z) get closer and closer to 1 as x approaches 2 from the right. Hence,

.. . 20 +3, <2
we conclude that the limit of the function f (z) = { -1 >9

as x approaches 2 does not exist

2. Examine if there exists the limit of the function

22 —-1, z< -1
f(x)—{ 203 +2, x> —1

as x approaches to —1.

Solution. Since the function values f(z) get closer and closer to 0 as
x approaches —1 from either side , it follows that lim1 f(z)=0.

3. For what value of the constant A there exists the limit of the function

Ar—1, =<3
f(x) = 24 p>3 BT approaches 3.

Solution. The function values f(z) approach 3A — 1 as = approaches
3 from the left and approach 5 as x approaches 3 from the right. Thus,
for lin})) f(z) to exist, you must have 34 — 1 = 5, which means that

lirr:13 f(z) exists only for A = 2.
4. Find the indicated limit if it exists.

(a) lim [z2 (7Tz + 3) + 2]

r—1
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r—9

f) 1
( il
2r+ 3

|
() lim ——

o ox*+4x -5
(b) ilinl x?—1
e |

(1 ili% x2
() lim 202 —x+4
] z—+o0 12— 4
1
k) 1
() i
2
1
1) lim
z—too T — 1
Solution.

(a) lim (2% (Tx +3) + 2] = lim z? - lim (Tz +3) + lim 2 =12

lim (z2—1)

12

1

1

3 $271 T— —1
(b) }:LI% o+l ;ig(m+l) -1 = -1
(c) 11@1 o=t = lim N lim (a2 +1) = 2.
(z—2)(z®+2z+4) _ 7. 2242244 _ 12 _

(@) lim == —iggm—}g%x—ﬁ—z—&

_ VE-2 V342 _ -4 _
(e) }Ulf}l = lim 755 = Im o em = lim 2 o i

_ 9 VE+3 _ y: - (z=9VE+3 _ q: _
® iﬁ%f =l s Vs = I T S i (Ve 4 3) =6
(g) Limit does not exist. Notice that f(x) increases without any

bound as x approaches 3 from the right and decreases without

bound as x approaches 3 from the left.

z°+4x z—1)(z+5 T
() lim 500 = lim (R = lim 22 = § = 3

(i) Limit does not exist, but since the values of f(z) increase without
bound as x gets closer to 0 from either side and do not approach

any (finite) number we write lim 231 = +oo.

z—0

() lim 22

T—-+00 1

(k) lim —2= =0

1
r——00 T +1

(1) Jlim 5= oo,
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5. Examine the convergence of the following sequences.

n+1 1
(a) an = (=1)"" 25
n n—1
(b) an = (-1)" "=
() an=+vVn+1—+/n
Solution.
(a) The sequence ((—1)"" ——) converges and Jllglo[(—l)nﬂ =] =
0.
(b) The sequence ((—1)" Z—j&) diverges. Namely, as, approach 1 as

n increases, but as,;1 approach —1 as n increases. Therefore the
limit does not exist.

(¢) The sequence (y/n + 1 — \/n)converges and
Jim (VT ) = lim (V1= V) G =
Vit l-vin) (Vatitya)

hm( = lim 22" — Jim ——L— =
N0 Vn+l+y/n n—oo Vn+l+y/n n—ooo Vn+l+y/n

6. The sum of the first and the fifth term of an arithmetic progression is
equal to 26 and the product of the second by the fourth is 160. Find
the sum of the first six terms of the progression.

Solution. Since the nth term of the arithmetic progression is given by
an =a+ (n—1)d

we get
a1+ a5 =a+a+ 4d = 26 and
azay = (a+d) (a+ 3d) = a® + 4ad + 3d* = 160.
From the first equation it follows a = 13 — 2d, and thus
(13 — 2d)* +4 (13 — 2d) d + 3d*> = —d? + 169 = 160.

It is obvious that two arithmetic progressions satisfy the required con-
ditions. The first one is defined by a = 7 and d = 3, and he second one
is defined by a = 19 and d = —3. Hence, we have two sums Sg and S2,

S¢ = 3(ay + ag) = 3(2a + 5d) = 3(14 + 15) = 87 and
S2 = 3(ay + ag) = 3(2a + 5d) = 3(38 — 15) = 69.
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7. Find the sum of the first £ natural numbers.

10.

Solution. The sequence (n) = (1,2,3,...,n,...) of natural numbers
is an instance of an arithmetic progression with difference d = 1. Since
a =1 you get
k(ar +ar)  k(1+k)

2 2

Sy =

. Find four numbers that constitute an alternating geometric progression

in which the second term is less than the first by 35, and the third
exceeds the fourth by 560.

Solution. Since the nth term of the geometric progression is given by
a, = aq

we get as = a; — 35 and az = a4 + 560. Now, we have two equations
a(q—1) = —35and ag*(1—q) = 560. Since a(1—q) = 35 and a(1—q) =
5;420 it follows 35¢*> = 560. Thus ¢ = —4 and a = 7. The required four
numbers are

7, —28, 112, — 448.

. Find the sum of the first 5 terms of a geometric progression if the sum

of its first three terms is % and the second term is —%.

. . 3_ 3_
Solution. Since a; = aqg = —% and S3 = aquf = % you get —2—1(1‘161711 =
2
—% = 3 or 4(¢* +¢+1)+6¢ = 0. The solutions of that equa-
tion are ¢ = —2 and ¢ = —%. Thus we get two geometric progressions,
the first one is defined by a = i and ¢ = —2 and the second one by
a=1and ¢ = —3. Thus we have two sums S} and SZ,
1_ %=1 _ 1-32-1 _ 11
55*‘1(1(;?*2—2—1 =1
1 _1_ g 33
SE=alg=F7=%=5%
. . 204+ 3, <2
Find A such that the function defined by f (z) = { Ar—1 22

be continuous for all z.

Solution. Since 2z + 3 and Az — 1 are both linear functions, it follows
that f(z) will be continuous everywhere except possibly at x = 2. In
order to f be continuous at z = 2, it has to be 1im2 f(z) = f(2) =24-1.

Since the values f(z) approach 7 as x approaches 2 from the left and
approach 2A — 1 as x approaches 2 from the right it has to be

2—1=T7o0or A =A4.
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11. Find A and B such that the function defined by

Az’ +5x -9, <1
f(x)= B, z=1
B—z)(A—22), z>1

is continuous for all z.

Solution. Notice that Az? + 5z — 9 and (3 — ) (A — 2z) are both
polynomials. Since the polynomials are continuous functions, the func-
tion f is continuous everywhere except possibly at x = 1. In order to
f be continuous at z = 1, it has to be lin% f(z) = f(1) = B. Notice
that the values f(z) approach A — 4 as x approaches 1 from the left

and approach 2A — 4 as x approach 1 from the right. Hence, it has to
be A—4=B=2A—4. Now, we get A= 0 and B = —4.

Homework

1. Examine if there exists the limit of f (z) = { ;7—_1-;, ;i 1 as x

approaches 1.
In Problems 2 through 11, find the indicated limit if it exists.

2. lim [(z — 1) (z + 1) — 1]

r—3
x?—1

1m

z—0 2 + 2

2
4. lim Tt
T—5 L —
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341
10, lim 2F
z—4o0 —x — 1
11. linélnx

In Problems 12 through 14, examine the convergence of the given sequence.

2n
12. a, = (—1)"
an = ( )n+1
4n + 2
13. a, = 4/
@ 4n
1 1
14. a, = — —

RERYD
15. Find the sum of the first 100 even numbers (starting with 2).

16. Let (a,) be a geometric progression defined by a and ¢, such that
| ¢ |< 1. Find lim S,,, where S,, is the sum of the first n terms of the

progression.

In Problems 17 through 19, decide if the given function is continuous
at the specified value of x.

r+1, z<1
17. f(z) = 3, =1, z=1
24z, r>1

r—1, <2
18.f(gc)—{ 9 r>9 r =2

x?—1 -1
19. f(z)=49 x+1° . , v=-—1
22 -3, z> -1

3z+11, z<1

20. Find A such that the function defined by f (z) = { A — 1 o> 1

is continuous for all z.

Results

1. Limit does not exist.

2. 15
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10.

11.

12.
13.
14.
15.
16.

17.
18.
19.

20.

N I—=

. Limit does not exist.

.0

5

2

Limit does not exist (hr% 1;§2 = —|—oo> )
xr—>

2

Limit does not exist | lim Ztl — oo ).
Z——+00 —z—1

Limit does not exist <1in% Inz = —oo) .
r—

(an) diverges.

(an) converges to 1.
(an) converges to 0.
S100 = 10100

Jim 5, = 1%

No

No

Yes

A=15

17
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4.3 The Derivative

1. Find the ratio of the increment of the function f(z) = 2% + 2 and its
argument when z = 1, if

(a) Az =1
(b) Az =1
(c) Az =
(d) szl—(l)o

Solution. We have to evaluate

Af(1) _ f+Az)—f(1) _ (1+Az)24+2—(1242) _ (Az)3+2Az
x Ax - Az - Ax .
Af(1) _ (Ax)®42Az _ 142 _
() X =& =71 =3
b Af(1) _ (Az)242Az _ 3+l 5
(b) B0 — (Behabe A
(C) Af(1) _ (Az)’42Az _ footio _ 21
Ax Ax - 11—0 10
(d) AW _ (AeP+20e _ mmtin o 201
Ax Az - ﬁ 100

2. Find the derivative of the function f (z) = z® + 2 when z = 1.
Solution. We need to find f’ (1) = Aim, [Q4280)J() — |y AstiZAe

T An—0 Az
lim (Az +2) = 2.
Az—0

2?2 —-3, z< -1

%, 1> -1 has a derivative

3. Examine if the function f(z) = {
when z = —1.

Solution. We need to examine if the limit

P_1) — Tim JEHAD)—f(=1) s f(14AD)—(=2) e f(=14+Az)42
Fleb=fo s = s s
exists. The values

f(14AD) 42 (“14A2)° 342 (Ax)?—2Ax Az — 9

Az Az Az

approach —2 as Az approaches 0 from the left. On the other hand, the

values
F(=1+Az)+2 _ 2(=1+Az)+2 _ 2Az —9

Ax Ax - Az
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are all equal 2 as Az approaches 0 from the right. Hence, the limit

Alimo % does not exist, which implies that the function
r—
2
-3, z<-—1 ..
flz) = o, x> -1 does not have a derivative when z = —1.
Notice that the function f is continuous at x = —1.

4. Find the equation of the line that is tangent to the graph of the function
f(x) =22% +1 when z = 2.

Solution. Since f(2) = 9, it follows that the point of tangency is
(2,9). To find the slope of the tangent when z = 2, compute

. 24Az)—f(2 . 2(2+Az)%2+1-9
[1@)= i PG S i B
lim 2804842 — iy (2Az + 8) = 8.
Axz—0 z Az—0

Now use the point-slope formula y — yo = a(z — x¢) with a = 8 and
(x0,%) = (2,9) to conclude that the equation of the tangent is y —9 =
8(x —2)ory=_8zr—9.

is differentiable.

2
5. Examine if the function f (z) = { 2%, ¢ <0

z, >0

Solution. We need to examine if the function f has a derivative when
x is an arbitrary element in its domain. Therefore we distinguish three
cases: x < 0,z >0 and z = 0.

(a) = < 0. Let us examine if the limit f'(x) = Alim0 fletbo)—f(z) (HAAQ_JC @) exists.
Since
/ _ : fla+Az)—f(z) _ T (z+Az)? —22 _
floy = Jmy ™ a == =
lim (2z + Azx) = 2z,

Az—0

it follows that the function f is differentiable at each point z < 0.

(b) = > 0. Let us examine if the limit f'(z) = Alimo w exists.
Since
f(z) = lim 7f(x+A§)_f($) = lim ZHR=L — 1,

Az—0 z Az—0
it follows that the function f is differentiable at each point z > 0.

(c) x = 0. Let us examine if the limit f/(0) = Alimow =
Alimo% exists. The values % = % = Ax approaches 0

as Ax approaches 0 from the left. On the other hand the values
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f(Az) _ Az
Az~ Az

= 1 are all equal 1 as Az approaches 0 from the

right. Now, we conclude that the limit lim0 w does not
Tr—>

A
exist and thus the function f is not differentiable. Note that f is
continuous.

3

6. Examine if the function f(x) = 2* is continuously differentiable.

Solution. First we need to examine if the given function is differen-
tiable at an arbitrary point in its domain. So, let us examine if the

i — Yy LEHAD)-f(2) s :
limit f'(z) = Alggo S exists. Since
/ _ . fle+Az)—f(=) _ s (z+Az)3—23 _
Floy=fmy " a = = s
lim 2 A“M(AA’:) Hael — Jim [322 + 32z + (Ax)?] = 322,
Az—0 z Az—0

we conclude that the function f is differentiable and its derivative is

the function f’(x) = 3x?, which is continuous. Thus, f(z) = 23 is

continuously differentiable function.

Homework

1. Find the ratio of the increment of the function f (z) = 2z* + 3 and its
argument when x = 0, if

(a) Az = i
(b) Az = 5
2. Find the derivative of the function f (z) = 22* + z when x = —2.

22 —4, <3

has a derivative
z+2, >3

3. Examine if the function f (z) = {

when z = 3.

4. Find the slope of the line that is tangent to the graph of the function
f(x) =42® + x + 11 when z = 2.

In Problems 5 through 7 examine if the given function is differentiable.
5. f(z) =2*+2z+6

6. flz)=2>+1
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20 +3, <1
B f(‘”){ 3r+2. x>1

1. (a) 3
(b) 5
2. f1(-2)=-7
3. It does not have
4. 17
5. Yes
6. Yes

7. No

4.4 Techniques of Differentiation

1. Differentiate the function f () m2+2 C
. Differentiate the function f(z) = —— + - — = — + -
16 =z 32 3

Solution. Applying the sum rule and the constant multiple rule you

get
f'(z) = —1—16.% (2?) + 2% (x71) — di (3:3/2) + %di (x7%) + %%(m)

X XL

Now, use the power rule
J'(@) = —35(22) + 2(=a7?) = 5012 4 5 (=2) 27 + 5
and, at the end, simplify the result

Fla)= o207ttt Zpigdo do 28 Fo 2yl

2. Differentiate the function f (z) = 10(3x + 1) (1 — 5z) .

Solution. According to the constant multiple rule and the product
rule you get

f(x)=10[(1-5z) L (Bz+1)+ (Bx+1)L(1-5z)].

Now apply the sum rule and, at the end simplify the result. You get
f'(x) =10[3(1 —52) + (3x + 1) (—5)] = =300z — 20.
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3. Differentiate the function f (z) = %

Solution. Applying the quotient rule and the sum rule you get

flle)= & <z22,3m+2) - (29:2%:5_1)4%(“2‘3”2)‘(”32_23”2)%(2w2+5x—1)
dz \ 2z*+5x—1 a2 52-1)
(202 +52—1) (22—3)— (22 —32+2) (4245) 11,2 10p—7
(202 +52-1)° T (202+52—1)2"

4. Find the equation of the line that is tangent to the graph of the function
1
f(x) = T . at the point 7' = (0, —1).
x

Solution. First, let us find
f(z) = (w_+1)’ _ @) @=D)—(@=1)(a+]) _ -2

z—1 (x—1) T (x-1)"

Then the slope of the required tangent is a = f'(0) = —2. Now, use
the point-slope formula y — yo = a(x — xy) with a = —2 and (z¢, yo) =
(0,—1) to conclude that the equation of the tangent is y — (—1) =
—2(x —0)ory=—2z—1.

5. Find numbers a,b and ¢ such that the graph of the function f(z) =
ar? + bx + ¢ will have x intercepts at (0,0) and (5,0), and a tangent
with slope 1 when z = 2.

Solution. Let us find f'(z) = (az? +bx+c) = 2ar + b. Since
f'(2) = 1 we get the first equation 4a + b = 1. Putting x = 0 and
y = 01in y = az® + bz + ¢ we get ¢ = 0. Similarly, putting z = 5 and
y = 0 in y = az? + bz + ¢ we get the third equation 25a + 5b + ¢ = 0.
So, we have three simple equations with three unknowns

da+b = 1
c = 0
25a+5b+c = 0

The solution of this system is ¢ = —1, b = 5 and ¢ = 0. Thus, the
desired function is f (z) = —z* + 5z.

6. Differentiate the function f (z) = (2z + 1)*.

Solution. Notice that f = h o g where g(z) = 2z + 1 and h(z) =
x*. Thus applying the chain rule we get f'(z) = W (g(z)) g (z) =
4(g(z))*(2) = 8 (2z +1)°. Usually, when we apply the chain rule, we
do not write explicitly composite functions, as we did here, but we do
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it tacitly in our head. Therefore, ordinary we apply the chain rule in
the following way:

fll)= [@2c+ 1)4J’ —42e+1° 2 +1) =
422 +1)°(2) =8 (22 + 1)°-

1
Varz +1

Solution. Applying the chain rule we get

7. Differentiate the function f (z) =

3 4z

(@) = (Tl_ﬂ) - (3(43:2 + 1)*5) = 12?4 1) 7 (da2 + 1) =
—3(42® +1) 2 8z = —4z (42 + 1)

3 1
8. Differentiate the function f () = 4/ 21: i T
x J—

!
. 3z+1 11 3z+1)/
Solution. fl (l‘) = ( 2£i—1) NS (221_1) -
2x—1

T (422 +1)V4z2+ 1

21/ 3011 (2z—1)2 2\ 3zl (22-1)°

1 /2z—1 (Bz+1)"-(22—1)—(22—1)' (3z+1) 1 [2z—13(2z—1)—2(3z+1)

1 22—1__ -5 —

2\ 3z+1 (22—1)%

1
(22—1)4/(22—1)(3z+1)

oot

9. Differentiate the function f(z) = (x + 1)In V2?2 + .

Solution. Combine the product rule and the chain rule with the
formula for the derivative of In x to get

Fia) = (x4 1) (V47 78) + (o + )(n V7 T 2 =
In (,3/3;2 +x) +(z+1) g/ﬁ (m)/ —

In (V2% + z)+ {”/%% (z2 4+ )73 (22+1) = %—FIH Va?+ .

10. Differentiate the function f(z) = zew .
Solution. Combine the product rule, the quotient rule and the chain

rule with the formula for the derivative of e* to get

!/
fl(x) = (x)'eziﬂ + (ewiﬂ> = el +xe%ﬂ% =

P 2 P
(14 ) e = st
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Homework
In Problems 1 through 7 find the derivative of the given function.

1.

2.
3.

f(x)=¢F+\/%
f(z) = (222 —4) (1 — 3x)

flz) =24

f(x) = (z° — b3 — 9)7

flo) = /o2

r+1. -1
f(x):x—llnx+1
£(z) = VaemT

. Find the equation of the line that is tangent to the graph of the function

f(z) = 2° — 323 — 5z + 2 at the point (1, —5).

. Find numbers a,b and ¢ such that the graph of the function f(z) =

ax? + bz + ¢ contains points (0,3) and (5,3), and a tangent with slope
1 when z = 2.

Results

1.

2.

f'(z) = 5ve = o=
f(z) = —182% + 4z + 12

fl (.Z') = (m24,xl)2

f'(z) = 3522 (22 — 3) (25 — 523 — 9)°
! _ 1 1

fiz)=—3 (42—1)4/(3x+2)(4z—1)

f'(@) = 5 (1-In i)

1 3241 3z—1
f'(@) = s =e™

y=—9r+4

.a=—-1,b=5c=3.
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4.5 The Derivative as a Rate of Change

1. The gross national product (GNP)of a certain country was N(t) =
2 + 5t + 106 billion dollars ¢ years after 1980.

(a) At what rate was the GNP changing with respect to time in 19887

(b) At what percentage rate was the GNP changing with respect to
time in 19887

Solution.

(a) The rate of change of the GNP is the derivative N'(t) = 2t + 5.
The rate of change in 1988 was N’ (8) = 16+ 5 = 21 billion dollars
per year.

(b) The percentage rate of change of the GNP in 1988 was
N’ (8) 21

100 = ——— 100 = 10
N (8) 82 + 40 + 106

Percentage rate of change =

percent per year.

2. An efficiency study of the morning shift at a certain factory indicates
that an average worker who arrives on the job at 8:00 A.M. will have
assembled f(z) = —z® + 622 + 15z transistor radios z hours later.

(a) Derive a formula for the rate at which the worker will be assem-
bling radios after x hours.

(b) At what rate will the worker be assembling radios at 9:00 A.M.?

(c) How many radios will the worker assemble between 9:00 and 10:00
AM.?

Solution.

(a) The rate of change is the derivative f’ (z) = —3z% + 12z + 15.
(b) f'(1) = =3 + 12+ 15 = 24 radios per hour.
(c) f(2)— f(1) =(—8+24+30) — (—1+4 6+ 15) = 26 radios.
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Homework

1. Find the percentage rate of change of the function f (¢) = 3t> — 7t + 5
with the respect to ¢, when t = 2.

2. Tt is estimated that t years from now, the circulation of a local news-
paper will be C(t) = 100t + 400t + 5000.

(a) Derive an expression for the rate at which the circulation will be
changing with respect to time ¢ years from now.

(b) At what rate will the circulation be changing with respect to time
5 years from now? Will the circulation be increasing or decreasing
at that time?

(¢) By how much will the circulation actually change during the 6th
year?

Results

1. 166.67%.

2. (a) C'(t) = 200t + 400
(b) Increasing at the rate of 1400 per year
(c) 1500

4.6 Approximation by Differentials

1. An environmental study of a certain community suggests that ¢ years
from now the average label of carbon monoxide in the air will be f (t) =
0.05¢% + 0.1t + 3.4 parts per million. By approximately how much will
the carbon monoxide level change during the incoming six months.

Solution. Let us find [/ (z) = 1252t + 15 = 15t + 75. Now we have to
calculate

, 1/1 1 1

It will change approximately (remember that this is not an exact value,
but only a fairly good approximation) 0.05 parts per million.
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2. The daily output at a certain factory is Q(L) = 900L3 units, where L
denotes the size of the labor force measured in worker-hours. Currently,
1000 worker-hours of labor are used each day. Use calculus to estimate
the number of additional worker-hours of labor that will be needed to
increase daily output by 15 units.

Solution. Solve for AL using the approximation formula

AQ~ Q' (L)AL

with AQ =15, L = 1000 and Q' (L) = 300L~3 to get
300
~ AL
/10002

or AL~ 324/10002 = 55v/10° = 5 worker-hours.

3. Records indicate that x years after 1988, the average property tax on
a three bedroom home in a certain community was T (z) = 60z% +
40x + 1200 dollars. Estimate the percentage by which the property tax
increased during the first half of 1992.

Solution. First let us calculate 7" (z) = 9022 + 40 = 90,/z + 40.
Associate the number z; with the start of 1992 and the number zo
with the middle of 1992. Thus z; = 4 and z; = 4.5 and we have to
estimate

T (4) A 4.5 -4H)T' (4
Percentage change in ' = %100 = ( 7 (i) (4)

1(90v/4 + 40) 100
= Z ( Vi ) ~ 5.98 percent.
60 - 4/4 + 40 - 4 + 1200

100 =

3. A soccer ball made of leather % inch thick has an inner diameter of 8%
inches. Estimate the volume of its leather shell.

Solution. Think of the volume of the shell as a certain change AV in
volume. Recall that the volume of a ball equals V' (d) = % (g)g = %SW,
where d denotes the diameter of the ball. Now, use the approximation

formula

AV = V' (d) Ad
with V'(d) = 3d°r, d = 85 and Ad = 2 to get

1/17\% 2 2
AV ~ = —7 T— = gw cubic inches.
2\ 2 8 32
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Homework

1.

At a certain factory, the daily output is Q (K) = 600K 2 units, where K
denotes the capital investment measured in units of $1000.The current
capital investment is $900000. Estimate the effect that an additional
capital investment of $800 will have on the daily output.

. A melon in the form of a sphere has a rind % inch thick and an inner

diameter of 8 inches. Estimate what percentage of the total volume of
the melon is rind.

. The output at a certain factory is () = 600K 3L3 units, where K de-

notes the capital investment and L the size of the labor force. Estimate
the percentage increase in output that will result from a 2 percent in-
crease in the size of the labor force if capital investment is not changed

Results

1.

Daily output will increase by approximately 8 units.

2. 15 percent

3. 0.67 percent

4.7 The Second Derivative

1. Find the second derivative of the function f () =5z + % + 2= +

1
T 2°

5

Solution. Let us find the first derivative
/
)= (5va+ A+ +4) =gt —6r?— ot

In order to find the second derivative of f we have to differentiate the
first derivative f’. Now, we get

) =1 @) = (JaF — 6%~ ) =

_5,.-32 -4,1,-%2_ _ 5 18 1
e >+ 18z +4$ 2= 4xﬁ+w4+4x2\/§'

2. Find the second derivative of the function f (z) = x (2z +1)*.

Solution. Since the first derivative f’of f equals

f1@) = [z Qe+ 1Y = 20+ 1)* + 8z (22 + 1)%,
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3.

it follows that
f@) = (@) =[x+ 1)* + 82 (2¢ +1)°] =
8(2¢+1)2+8(2z 4+ 1) + 242 (22 +1)22 = 16 (5 + 1) (2 + 1)°.
An object moves across a straight line so that after ¢ seconds its distance
from its starting point is D (t) = ¢* — 12¢? + 100t 4 12 meters. Find the

acceleration of the object after 3 seconds. Is the object slowing down
or speeding up at this time?

Solution. We need to find D” (3) . Since the the first derivative D" of
D equals

D' (t) = (t3 — 122 + 100t + 12)" = 3t> — 24t + 100
it follows that
D" (t) = (3t — 24t + 100)" = 6t — 24.

Hence D" (3) = —6 and we conclude that the object is slowing down.

Homework
In Problems 1 through 5 find the second derivative of the given function.

1.

2.
3.

N —

f(x)—5€/§+%+

w
Q“»—
8

f(x) =z Bz +2)

fla)=(@+1)?+7

z—1
f) =1
T+ 2
fa) =22
. If an object is dropped or thrown vertically, its height (in feet) after ¢

seconds is H (t) = —16t* + Sot + Hy, where Sy is the initial speed and
of the object and Hj its initial height. Derive an expression for the
acceleration of the object.

Results

1.

0= sy T e
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2. f"(x) = 3242% + 324z + T2.
3. " (z) =2.
4. f"(z) = —(mfl)g.
5 1" (@) =

6. H" (t) = —32

4.8 Extrema

1. Find the intervals of increase and decrease and the relative extrema of
the given function.

(a) f(z)=a*+ 82 +18z% — 8

(b) f(2) = ——
(c) flz) = Va?
Solution.

(a) The derivative is
f'(z) = 42° + 242° + 362 = 4a (v + 3)?

which is zero when z = 0 and z = —3. Since f(0) = —8 and
f(=3) = 19, the corresponding critical points are (0, —8) and
(—3,19). To find the intervals of increase and decrease of the
function, we have to check the sign of the derivative. Look at the
following table

Interval |z < -3 | -3<z<0|x2>0
x — — +

(z+3)* + + +

sign of f’ — — +

Notice that the function f is decreasing on both sides of the critical
point (—3,19) ,and thus (—3,19) is not a relative extremum. On
the other hand, the critical point (0, —8) is a relative minimum
since f is increasing for the values z > 0.
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(b) Since the denominator of f(z) is zero when z = 2, 2 is not in the

domain of f. By the quotient rule, the derivative is

20(x —2) —2? 2?2 —4dx  z(x—4)

e == "G w_2¢

which is zero when its numerator is zero, that is, when x = 0 and
x = 4. Since f(0) = 0 and f(4) = 8, the corresponding critical
points are (0,0) and (4, 8) . The derivative is also undefined at z =
2, but this is not a critical value since x = 2 is not in the domain
of the function. To identify the intervals of increase and decrease,
check the sign of the derivative on the intervals determined by
the critical values. Since f’(z) is undefined at x = 2, its sign for
0 < x < 2 could be different from its sign for 2 < z < 4, and so
you will have to check these two intervals separately.

Interval |2 <0 |0<z<2|2<z<4|zxz>4

T — + + +
r—4 — — — +
(x—27 | + + + +
Sign of f'| + - — +

The function f increases for x < 0, decreases for 0 < x < 2,
decreases again for 2 < x < 4 and increases for x > 4. f has a rel-
ative maximum at the critical point (0,0) and a relative minimum
at the critical point (4,8).

The derivative

W=

2
, P p— - —_
fw=307" =57
is never zero, but is undefined at x = 0, which is in the domain
of f. Thus, since f(0) = 0, the corresponding point (0,0) is the
only critical point. To find the intervals of increase and decrease,
check the sign of the derivative for z < 0 and z > 0.

Interval |z <0 | z>0
Sign of f’ — +

The function f decreases for x < 0 and increases for = > 0. Thus,
the critical point (0,0) is a relative minimum.

2. Use the second derivative test to find the relative extrema of the func-
tion f(z) =x + —.
T
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Solution. Since the first derivative f/(z) =1 — 2% = mi;l = (%1;2“1)

is zero when © = 1 and x = —1, the corresponding critical points are
(1,2) and (—1, —2) . To test these points, compute the second derivative
f"(z) = % and evaluate it at © = 1 and 2 = —1. Since f”(1) =2 > 0
it follows that the critical point (1,2) is a relative minimum, and since
f"(=1) = =2 < 0 it follows that the critical point (—1, —2) is a relative
maximum.

3. Find the absolute maximum and absolute minimum of the given func-
tion on the specified closed interval.

(@) f(2) =

(b) f(z)=[z]; -2<z<3
Solution.

(a) From the first derivative f'(z) = ﬁ you see that f'(x) = 0
only when z = 0 and f'(x) is undefined when = = 3. Since 3 is
not in the domain of f, 0 is the only critical value of f. Note that
0 lies in the interval —1 < x < 2. Compute f(z) at x = 0 and at
endpoints = —1 and z = 2. You get f(0) = —3, f(—1) = —3 and

f(2) = —1. Compare these values to conclude that the absolute

maximum of f on the closed interval —1 < x < 2is f(0) = —%
and the absolute minimum is f(2) = —1.

—1<x<2

, -1, <0
(b) Note that f'(z) = 1 2>0
x = 0. Hence (0, 0) is the only critical point of f. Since f(—2) = 2
and f(3) = 3, it follows that f(0) = 0 is the absolute minimum of
f on the closed interval —2 < x < 3 and the absolute maximum

is f(3) = 3.

and f’(x) is not defined when

4. A manufacturer can produce radios at a cost of $5 apiece and estimates

that if they are sold for = dollars apiece, consumers will buy 20 — z
radios a day. At what price should the manufacturer sell the radios to
maximize profit?
Solution. Let P(z) denotes the manufacturer’s profit. Then P(z) =
(20 — x) — 5(20 — z) = (x — 5)(20 — z) and = > 5. Since P'(z) =
20—z — (z —5) = 25 — 2z, it follows that the manufacturer should sell
the radios at a price of $12.50 apiece to maximize profit.
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Homework
In Problems 1 through 4, find the intervals of increase and decrease and
the relative extrema of the given function.

L f(z)=("-1)
18

2. f(x)=2zx+—+1
x

3. flx) =2+ {/(x—1)

4. f(z) =14 Jz

5. Find constants a, b, c and d so the graph of the function f(z) = az® +
bx? + cx +d has a relative maximum at (—2, 8) and a relative minimum
at (1,—19).

6. Using the second derivative test find the relative extrema of the function

7. Find the abs??lute maximum and absolute minimum of the function
f(z) = L +1 on the closed interval 2 < z < 4.

8. Poiseuille’s law asserts that the speed of blood that is r centimeters
from the central axis of an artery of radius R is S(r) = ¢(R*—1r?), where
c is a positive constant. Where is the speed of the blood greatest?

Results

1. f increases for x > 1 and decreases for z < 1, (1,0) is a relative
minimum.

2. f increases for x < —3, decreases for —3 < x < 0, decreases for 0 <
x < 3, increases for x > 3. (—3, —11) is a relative maximum and (3, 13)
relative minimum.

3. f decreases for x < 1 and increases for x > 1. (1,2) is a relative
minimum.

4. f is increasing. No relative extrema.

La=2b=3c=-12,d=—12
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6. (0,2) is a relative maximum.
7. f(2) = 7 is the absolute maximum, f(3) = 6 is the absolute minimum

8. At the central axis



