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Abstract. The correspondence between a (96, 20, 4) symmetric design having
regular automorphism group and a difference set with the same parameters
has been used to obtain new difference sets in some groups of order 96. New
(96, 20, 4) symmetric designs have been constructed under the assumption of
an automorphism group Z2

4
· Z3 action.

1. Introduction

A (v, k, λ) difference set is a k-element subset ∆ ⊆ Γ in a group Γ of order v

provided that the multiset of “differences”
{

xy−1 | x, y ∈ ∆, x 6= y
}

contains each
nonidentity element of Γ exactly λ times. ∆ is called (non)abelian difference set
if Γ is (non)abelian group. By the incidence structure of its development, dev∆ =
(Γ, {∆g | g ∈ Γ} ,∈), difference set ∆ is closely related to symmetric block design
with the same parameters. That interrelation (details can be found in [2]) is given
in the following theorem.

Theorem 1.1. Let Γ be a finite group of order v and ∆ a proper, non-empty k-
element subset of Γ. Then ∆ is a (v, k, λ) difference set in Γ if and only if dev∆ is
a symmetric (v, k, λ) design on which Γ acts regularly.

Let’s recall, a symmetric block design with parameters (v, k, λ) is a finite inci-
dence structure D = (V ,B,I) consisting of |V| = v points and |B| = v blocks, where
each block is incident with k points and any two distinct points are incident with
exactly λ common blocks. An automorphism of a symmetric block design D is a
permutation on V which sends blocks to blocks. The set of all automorphisms of D
forms its full automorphism group denoted by AutD. If a subgroup Γ ≤ AutD acts
regularly on V and B, then D is called regular and Γ is called a Singer group of D.

Two difference sets ∆1 (in Γ1) and ∆2 (in Γ2) are isomorphic if the designs
dev∆1 and dev∆2 are isomorphic; ∆1 and ∆2 are equivalent if there exists a group
isomorphism ϕ : Γ1 → Γ2 such that ϕ(∆1) = ∆2g for a suitable g ∈ Γ2. It is easy
to see that equivalent difference sets ∆1 and ∆2 give rise to isomorphic symmetric
designs dev∆1 and dev∆2.

On the basis of Theorem 1.1 one can find difference sets in groups of order
96 through construction of (96, 20, 4) symmetric designs with appropriate auto-
morphism groups. In that sense, the action of automorphism groups Z4

2 · Z3 was
considered in [9]. We now complete those considerations by expanding their scope
to all the groups of the type A ·Z3, A ≇ Z4

2 being an abelian group of order 16. As
in [9] and for the reasons there explained, we confine ourselves to the semitransitive
group action in 6 orbits of the length 16 stabilized by Z3.
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There are exactly two groups of order 48 that have the desired type: G1
∼=

(Z2
2 ×Z4) ·Z3 and G2

∼= Z2
4 ·Z3. In terms of generators and relations we give them

in section 2 by relations (1) and (2).

2. Construction of designs

For the design construction we use the well known method of tactical decompo-
sition, [11]. This method is based on the assumption that certain group acts on
the design as its automorphism group, in which case orbit partition of points and
blocks forms a tactical decomposition of the design, [3]. Tactical decompositions
can be represented by orbit matrices. The entries of these matrices give the possible
dispersion (regarding cardinality) of the points lying on the blocks of each block
orbit into point orbits.

In particular, if the group

(1)
G1 = 〈a, b, c, d | a4 = b2 = c2 = d3 = 1,

[a, b] = [a, c] = [b, c] = 1, ad = a, bd = c, cd = cb〉 or

(2) G2 = 〈a, b, c | a4 = b4 = c3 = 1, [a, b] = 1, ac = a3b3, bc = a〉

(the notation pq = qpq−1, for p, q arbitrary group elements, is used) acts on a
(96, 20, 4) symmetric design in six orbits of the length 16, the only orbit matrix in
that case is (3).

(3)

16 16 16 16 16 16
0 4 4 4 4 4 16
4 0 4 4 4 4 16
4 4 0 4 4 4 16
4 4 4 0 4 4 16
4 4 4 4 0 4 16
4 4 4 4 4 0 16

The construction of designs corresponding to the observed tactical decomposition
is equivalent to indexing orbit matrix (3). Indexing means determining precisely
which points from every point orbit lie on a representative block of each block
orbit. Preceded by making highly optimized programs, indexing is performed with
the aid of computer. As an input to these programs we need a group Gi generators’
permutation representation of degree 16, i = 1, 2. Those used here we give in (4)
and (5).

(4) G1 · · ·















a=( 1 2 3 4 )( 5 7 8 9 )( 6 10 11 12 )( 13 16 14 15 )
b=( 1 5 )( 2 7 )( 3 8 )( 4 9 )( 6 13 )( 10 16 )( 11 14 )( 12 15 )
c=( 1 6 )( 2 10 )( 3 11 )( 4 12 )( 5 13 )( 7 16 )( 8 14 )( 9 15 )
d=( 5 13 6 )( 7 16 10 )( 8 14 11 )( 9 15 12 )

(5) G2 · · ·







a=( 1 2 3 4 )( 5 8 9 10 )( 6 13 14 15 )( 7 12 16 11 )
b=( 1 5 6 7 )( 2 8 13 12 )( 3 9 14 16 )( 4 10 15 11 )
c=( 2 5 11 )( 3 6 14 )( 4 7 8 )( 9 10 15 )( 12 13 16 )

In case of the group G1, the completion of the indexing procedure under given
assumptions proves to be impossible, i.e. the following statement holds.
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Proposition 2.1. There is no (96, 20, 4) symmetric design on which group G1 acts
semitransitively in orbits of the length 16.

For the group G2 indexing can be completed successfully in four different ways.
Precisely the following theorem holds.

Theorem 2.2. There are exactly four nonisomorphic (96,20,4) symmetric designs
with G2 as an automorphism group acting on them in six orbits of the length 16.

Proof.
As design representative blocks (six of them, each representing one block orbit)

we take blocks stabilized by the subgroup 〈c〉 ≤ G2. Therefore, these blocks are to
be composed from 〈c〉-point orbits as a whole. If we let the numbers 1, 2, . . . , 16
represent the points of point orbits of our design, from (3) and (5) we easily see
that there are 55 possibilities for a selection of 20 points of a representative block.
Namely, on disposition we have 1 fixed point and 5 〈c〉-orbits of the length three
for a selection of 4 points in each point orbit. In the procedure of indexing, on
each level, every possible selection of orbit representative block is submitted to
all the necessary λ-balance checking, so this job is necessarily left to a computer.
The procedure ends up successfully with a great number of symmetric designs
constructed. For the elimination of isomorphic structures we use program by V.
Krčadinac [12], which itself calls Nauty [14]. Eventually it turns out that there are
exactly 4 nonisomorphic symmetric designs admitting the specified action of G2.
We give them below by their six base blocks.

D1

21 22 25 211 31 33 36 314 41 44 47 48 51 59 510 515 61 612 613 616

11 19 110 115 31 34 37 38 41 42 45 411 51 512 513 516 61 63 66 614

11 13 16 114 21 29 210 215 41 412 413 416 51 52 55 511 61 64 67 68

11 112 113 116 21 24 27 28 31 32 35 311 51 53 56 514 61 69 610 615

11 14 17 18 21 212 213 216 31 39 310 315 41 43 46 414 61 62 65 611

11 12 15 111 21 23 26 214 31 312 313 316 41 49 410 415 51 54 57 58

D2

21 22 25 211 31 33 36 314 41 44 47 48 51 59 510 515 61 612 613 616

11 112 113 116 31 39 310 315 41 43 46 414 51 54 57 58 61 62 65 611

11 13 16 114 21 24 27 28 41 42 45 411 51 512 513 516 61 69 610 615

11 19 110 115 21 23 26 214 31 312 313 316 51 52 55 511 61 64 67 68

11 14 17 18 21 212 213 216 31 32 35 311 41 49 410 415 61 63 66 614

11 12 15 111 21 29 210 215 31 34 37 38 41 412 413 416 51 53 56 514

D3

21 22 25 211 31 33 36 314 41 44 47 48 51 59 510 515 61 612 613 616

11 112 113 116 31 39 310 315 41 43 46 414 51 52 55 511 61 64 67 68

11 13 16 114 21 24 27 28 41 42 45 411 51 512 513 516 61 69 610 615

11 19 110 115 21 23 26 214 31 312 313 316 51 54 57 58 61 62 65 611

11 14 17 18 21 212 213 216 31 32 35 311 41 49 410 415 61 63 66 614

11 12 15 111 21 29 210 215 31 34 37 38 41 412 413 416 51 53 56 514

D4

21 23 26 214 31 34 37 38 41 49 410 415 51 512 513 516 61 62 65 611

11 13 16 114 31 39 310 315 41 44 47 48 51 52 55 511 61 612 613 616

11 14 17 18 21 212 213 216 41 42 45 411 51 53 56 514 61 69 610 615
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11 112 113 116 21 24 27 28 31 32 35 311 51 59 510 515 61 63 66 614

11 19 110 115 21 22 25 211 31 33 36 314 41 412 413 416 61 64 67 68

11 12 15 111 21 29 210 215 31 312 313 316 41 43 46 414 51 54 57 58

The points of the design are denoted by I1,I2,. . .,I16, I = 1,2,. . .,6 as accustomed.
The subgroup 〈a, b〉 ≤ G2 generates all the blocks of the designs. �

Taking an incidence matrix of the design Di (i = 1, . . . , 4) as an input, the com-
puter program by V. Tonchev [15] gives out the order of the full automorphism
group AutDi, as well as a permutation representation of degree 96 of AutDi gener-
ators. The latter enables our further analysis of the properties of AutDi with the
help of GAP, system for computational group theory, [7]. In order to be systematic
(since we deal with a large number of groups), when denoting groups henceforth we
indicate their GAP Library Small Groups catalogue number, ’GAP-cn’ for short.
It is of the form [m, j] which stands for j-th group of order m in the catalogue,
m ≤ 2000. In that sense G1 and G2 are referred to as [48, 31] and [48, 3] respectively.

About the groups AutDi, i = 1, . . . , 4, we found the following.

Theorem 2.3. The groups AutD3 and AutD4 act transitively on the designs D3

and D4 respectively; | AutD3 |=| AutD4 |= 576 and AutD3 ≇ AutD4. The groups
AutD1 and AutD2 act on designs D1 and D2 in two orbits of the lengths 32 and
64. | AutD1 |=| AutD2 |= 192 and AutD1 ≇ AutD2.

Remark 2.1. In comparing these results to our previous ones that refer to param-
eters (96, 20, 4), we used [12] to check that none Di, i = 1, . . . , 4 is isomorphic to
any design given in [9], and that D4 is isomorphic to the only design in [8]. As for
the symmetric designs with these parameters explicitly presented in literature, it’s
easy to see that here constructed designs Di, i = 1, . . . , 4 are not isomorphic to the
three designs cited in [4]. The assertion follows from the fact that the orders of their
full automorphism groups differ. Further, in [5], p.302, one finds three mutually
nonisomorphic designs in the form of abelian difference sets, while the design given
on p. 82 is isomorphic to the development of the third difference set mentioned. By
using [12], the designs Di, i = 1, . . . , 4 are checked not to be isomorphic to any of
these designs.

3. Construction of difference sets

Starting from the detected transitive action of AutD3 and AutD4 (Theorem 2.3),
in intended construction of (96, 20, 4) difference sets we proceed with the inspection
of Singer groups of D3 and D4 in GAP. More details on the procedure can be found
in [9]. As we have indicated in Remark 2.1, the procedure for AutD4 (GAP-cn [576,
5566]) has already been made in [8]. There we found that AutD4 has five subgroups,
all nonabelian, that act regularly on D4 and consequently the existence status
regarding difference sets was solved for the groups with the following GAP-cns:
[96, 72], [96, 78], [96, 147], [96, 174], and [96, 209]. Thus, the inspection of AutD3

(GAP-cn [576, 5550]) for its regular subgroups will conclude our investigation of
(96, 20, 4) difference sets under given terms.

In terms of generators and relations we have:
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AutD3 = 〈a, b, c, d, e, f | a4 = b4 = [a, b] = c2 = [a, c] = [b, c] = 1, d3 = 1,

ad = a3b3, bd = a, [c, d] = 1, e3 = 1, ae = a3b3, be = a, [c, e] = 1,

[d, e] = f2 = 1, af = a3b2, bf = a2b, [c, f ] = 1, df = e2d2, [e, f ] = 1〉.

A permutation representation of the AutD3 generators, obtained by using [15],
is given in Table 1.

TABLE 1. Generators of AutD3,GAP-cn :[576,5550]

r1:=(2,13)(4,15)(5,16)(7,9)(8,10)(11,12)(17,81)(18,93)(19,83)(20,95)(21,96)(22,86)(23,89)(24,90)

(25,87)(26,88)(27,92)(28,91)(29,82)(30,94)(31,84)(32,85)(34,45)(36,47)(37,48)(39,41)(40,42)

(43,44)(49,65)(50,77)(51,67)(52,79)(53,80)(54,70)(55,73)(56,74)(57,71)(58,72)(59,76)(60,75)

(61,66)(62,78)(63,68)(64,69)

r2:=(2,5,11)(3,6,14)(4,7,8)(9,10,15)(12,13,16)(18,21,27)(19,22,30)(20,23,24)(25,26,31)(28,29,32)

(34,37,43)(35,38,46)(36,39,40)(41,42,47)(44,45,48)(50,53,59)(51,54,62)(52,55,56)(57,58,63)(60,61,64)

(66,69,75)(67,70,78)(68,71,72)(73,74,79)(76,77,80)(82,85,91)(83,86,94)(84,87,88)(89,90,95)(92,93,96)

r3:=(1,2,3,4)(5,8,9,10)(6,13,14,15)(7,12,16,11)(17,18,19,20)(21,24,25,26)(22,29,30,31)(23,28,32,27)

(33,34,35,36)(37,40,41,42)(38,45,46,47)(39,44,48,43)(49,50,51,52)(53,56,57,58)(54,61,62,63)

(55,60,64,59)(65,66,67,68)(69,72,73,74)(70,77,78,79)(71,76,80,75)(81,82,83,84)(85,88,89,90)

(86,93,94,95)(87,92,96,91)

r4:=(1,17)(2,29)(3,19)(4,31)(5,32)(6,22)(7,25)(8,26)(9,23)(10,24)(11,28)(12,27)(13,18)(14,30)(15,20)

(16,21)(33,49)(34,61)(35,51)(36,63)(37,64)(38,54)(39,57)(40,58)(41,55)(42,56)(43,60)(44,59)(45,50)

(46,62)(47,52)(48,53)(65,81)(66,93)(67,83)(68,95)(69,96)(70,86)(71,89)(72,90)(73,87)(74,88)(75,92)

(76,91)(77,82)(78,94)(79,84)(80,85)

Computation in GAP, with the content of Table 1 as an input, reveals the total of
four Singer subgroups in AutD3. We give them in terms of generators and relations,
following the labelling used in [9]. The indices suggest GAP-cns.

H[96,68] =
〈

x, y, z, w | x4 = y4 = [x, y] = 1, z2 = [x, z] = [y, z] = 1,

w3 = 1, xw = x3y3, yw = x, [z, w] = 1
〉

,

H[96,83] =
〈

x, y, z, w | x4 = y4 = [x, y] = 1, z2 = 1, xz = x3y2, yz = x2y,

w3 = [x, w] = [y, w] = 1, wz = w2
〉

,

H[96,130] =
〈

x, y, z, w | x4 = y4 = 1, yx = y3, z2 = 1, [x, z] = [y, z] = 1,

w3 = [x, w] = 1, wy = w2, [z, w] = 1
〉

,

H[96,161] = Z2
4 × Z2 × Z3 = 〈x, y〉 × 〈z〉 × 〈w〉 .

Because AutD3 acts transitively on it, D3 can be represented by a single block,
for instance by

D3 := [1, 12, 13, 16, 33, 41, 42, 47, 49, 51, 54, 62, 65, 66, 69, 75, 81, 84, 87, 88].
Now {1,2,. . . ,96} is taken as the set of points of our design. By identifying the
points of D3 with the elements of its Singer groups, in each of them we obtain
the corresponding difference set. For more details on this identification see [10] or
[16]. In H[96,83], up to equivalence, we find two difference sets, because AutD3 has
two conjugacy classes of subgroups isomorphic to H[96,83]. In a customary manner,
difference sets are presented as elements of the integral group ring ZH[96,n], where

H[96,n] =
{

wlxpyjzk | l = 0, 1, 2; p, j = 0, . . . , 3; k = 0, 1
}

, n = 68, 83, 130, and 161.
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∆[96,68] = 1 + x + y + x3y3 + z + xyz + x3z + y3z

+w(x + y + y2 + x3y + xz + x2y2z + x2y3z + x3y3z)
+w2(xy + xy3 + x3y + x3y3);

∆1
[96,83] = 1 + x + xy3 + x2y + xyz + x3z + x2yz + x2y2z

+w(1 + x2 + y2 + x2y2 + yz + xy2z + xy3z + x2y2z)
+w2(1 + y + xy + x3y2);

∆2
[96,83] = 1 + x + y + x3y + x2z + y3z + x3yz + x3y2z

+w(1 + x2y + x3y2 + x3y3)
+w2(1 + x2 + y2 + x2y2 + xz + x2z + x2y3z + x3y3z);

∆[96,130] = 1 + x + y3 + xy3 + y2z + xy3z + x2y3z + x3y2z

+w(1 + xy2 + x2y3 + x3y + x3z + y2z + y3z + x3yz)
+w2(1 + x2 + y2 + x2y2);

∆[96,161] = 1 + x + xy + x2y3 + z + x3z + x2yz + x3y3z

+w(1 + x2 + y2 + x2y2)
+w2(1 + y3 + xy3 + x3y2 + z + yz + xy2z + x3yz).

The relations dev∆[96,n]
∼= D3 hold for all difference sets obtained.

Remark 3.1. Group H[96,161] is abelian. The existence of difference sets in it
has been proved in [1]. As for the remaining three groups: H[96,68], H[96,83], and

H[96,130], here given constructions of ∆[96,68], ∆
i
[96,83], i = 1, 2, and ∆[96,130] are a

proof of existence of difference sets in them.

(96, 20, 4) difference sets belong to the McFarland series with parameters of the

form
(

qd+1(1 + qd+1
−1

q−1 ), qd qd+1
−1

q−1 , qd qd
−1

q−1

)

, where q is any prime power and d is

any positive integer. It is worth pointing out that here given difference sets can-
not be obtained using the well known construction by McFarland and Dillon ([13],
[6]), as the center of none of the groups H[96,n], n = 68, 83, 130, and 161, con-

tains elementary abelian subgroup E16 of order qd+1 = 16. Namely, Z(H
[96,68]

) ∼=

Z2, Z(H[96,83]) ∼= Z2
2 , and Z(H[96,130]) ∼= Z3

2 .

4. Literature sources

Let’s focus a bit more on three difference sets, i. e. symmetric designs given
explicitly in [5], page 302.

The first one, in the group Z2×Z2
4 ×Z3 (GAP-cn: [96, 161]) is given incorrectly.

For the correct citing see [1]. This difference set is not isomorphic (and consequently
not equivalent) to ∆[96,161]. We found that the full automorphism group of its
development is the group [192,1038] of order 192. It has eight subgroups that act
regularly on this design. Besides H[96,161], them being nonabelian groups with the
following GAP-cns: [96, 75], [96, 77], [96, 79], [96, 83], [96, 131], [96, 135], and
[96, 136]. We easily checked that the difference set in [96, 83] is not isomorphic to
∆1

[96,83] and ∆2
[96,83] given in Section 3. For the remaining six groups this solves the

existence status regarding difference sets.
The second, in the group Z3

2 × Z4 × Z3 (GAP-cn: [96, 220]), has the full auto-
morphism group of order 96, hence Z3

2 × Z4 × Z3 is the only Singer group of the
design.

The third, a difference set in the group Z5
2 × Z3 ([96, 231]), has the full au-

tomorphism group of order 576, more precisely [576, 5603]. Its development is
isomorphic to the symmetric design given in [9] and there denoted by D2. It was
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shown in [9] that, besides H[96,231], Singer groups of D2 were the following three
groups: [96, 159], [96, 160], and [96, 229]. The difference sets in these groups were
given explicitly.

Altogether, on grounds of the preceding review and Section 3, the list of 35
groups of order 96 given in [9], for which the question of existence of difference sets
is solved, can be expanded with 6+3=9 new groups. Added the five groups given
in [8], we come to the list of 49 groups.
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